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Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.
1. Mathematical argument, language and proof

* Rigorous and consistent approach throughout

* Notation boxes explain key mathematical language and symbols

» Dedicated sections on mathematical proof explain key principles and strategies

» Opportunities to critique arguments and justify methods

2. Mathematical problem solving

e Hundreds of problem-solving questions, fully integrated g::>
into the main exercises 1
» Problem-solving boxes provide tips and strategies
e Structured and unstructured questions to build con dence
» Challenge boxes provide extra stretch EI <::D

3. Mathematical modelling
» Dedicated modelling sections in relevant topics provide plenty of practice where you need it

» Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model

» Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in
mechanics

Finding your way around the book Access an online
digital edition using
the code at the
front of the book.

Each chapter starts with
a list of objectives

The real world applications
of the maths you are about
to learn are highlighted at

— the start of the chapter with
links to relevant questions in
the chapter

The Prior knowledge check————
helps make sure you are
ready to start the chapter



Overarching themes

Exercise questions are
carefully graded so they
increase in di culty and
gradually bring you up
to exam standard

Exercises are packed
with exam-style
questions to ensure
you are ready for the
exams

Problem-solving boxes/

provide hints, tips and
strategies, and Watch out
boxes highlight areas
where students o en

lose marks in their exams

Exam-style questions

are agged with (©) Each chapter ends Challenge boxes  Each section beginsStep-by-step

Problem-solving with a Mixed exercisgive you a chance towith explanation  worked examples

questions are agged and a Summary of tackle some more and key learning  focus on the key

with ® key points di cult questions points types of questions
you'll need to tackle

Every few chapters a Review exercise
helps you consolidate your learning
with lots of exam-style question

A full AS level practice paper at
the back of the book helps you
prepare for the real thing



Extra online content

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides a full worked solution for
every question in the book.

Full worked solutions are
available in SolutionBank.

Download all the solutions
as a PDF or quickly nd the
solution you need online
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Access all the extra online content for free at:

www.pearsonschools.co.uk/smlmaths

You can also access the extra online content by scanning this QR code:
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Extra online content

Use of technology
Explore topics in more detail, visualise

problems and consolidate your understanding. graphically using technology.

Use pre-made GeoGebra activities or Casio
resources for a graphic calculator.

GeoGebra-powered interactives

Find the point of intersectionO%

Graphic calculator interactives

Interact with the maths you are
learning using GeoGebra's easy-to-
use tools

Explore the maths you are learning
and gain con dence in using a
graphic calculator

Calculator tutorials

Our helpful video tutorials will
guide you through how to use
your calculator in the exams.
They cover both Casio's scienti ¢
and colour graphic calculators.

QLD Work out each coe cient @
quickly using the"C. and power
functions on your calculator.

Step-by-step guide with audio
instructions on exactly which
buttons to press and what should
appear on your calculator's screen
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Data collection

A er completing this chapter you should be able to:

Understand population’, ‘sample’ and ‘census’, and comment on the
advantages and disadvantages of each pages 2-3

Understand the advantags and disadvantages of simple random
sampling, systematic sampling, strati ed sampling, quota sampling
and opportunity sampling pages 4-9

De ne qualitative, quantitative, discrete and continuous data, and
understand grouped data pages 9-10

Understand the larg data set and how to collect data from it,
identify types of data and calculate simple statistics pages 11-16

Prior knowledge check

1 Find the mean, median, mode and ram@f these data sets:
al,3,44,6,7,8,/9 11 b 20,18, 17, 20, 14, 23, 19, 16
GCSE Mathematics

2 Here is a question from a questionnaire surveying TV viewing
habits.

How much TV do you watch?
[J0-1 hours [11-2 hours []3—4 hours

Give two criticisms of the question and write an improved
guestion. GCSE Mathematics

3 Rebecca records the shoe size, x, of the female students in her
year. The results are given in the table.

Find: « Number of
' students, f
, a the number of Emale students who

Meteorologists collect and . 35 3
analyse weather data to take shoe size 37
helpﬁhem i b the shoe size tan by the smallest | 36 | 17
patterns. Selecting number of female students 37 29
weather data from speci ¢ c the shoe size ta&n by the greatest 38 24
dates and places is an number of female students
example of sampling. d the total number d female students 39 12

Section 1.5

in the year.

GCSE Mathematics




@ Populations and samples

In statistics, a population is the whol e set of items that are of interest.
For example, the population could be the items manufactured by a factory or all the people in a town.
Information can be obtained from a population. This is known as raw data.

A census observes or measures every member of a population.

A sample is a selection of observations taken from a subset of the population which is used
to nd out information about the population as a whole.

There are a number of advantages and disadvantages of both a census and a sample.

Advantages Disadvantages

Census | h It should give a completely accurate resulf h Time consuming and expensive

h Cannot be used when the testing
process destroys the item

h Hard to process large quantity of data

Sample | h Less time consuming and expensive thgnh The data may not besaaccurate

a @ensus h The sample mynot be large enough
h Fewer people have to respond to give information about small sub-
h Less data to process than in a census groups of the population

The size of the sample can a ect the validity of any conclusions drawn.

M 7KHRWKH D PEBEHSHRGNMHT X LDFGUDRWY DLOBERKMUFHYV

M  *HQ HWKd@&W KHD PV KPHRED F X U DWMEIXWR X LQBH @ D WHMR XUFH YV

M WKHR S X O DWW IUDQ LR H HDG DHNJD PEB/OK DW KSR S X O BRI U P

M 'L N HUHREBWD @ DWBRG LHNU HR @/F O X§ K WRQYWHXW WQJ L DMWRISARRG XODWLRQ

Individual units of a population ar e known as sampling units.

O en sampling units of a population are individually named or numbered to form a list
called a sampling frame.

A supermarket wants to test a delivery of avocados for ripeness by cutting them in half.
a Suggest a reason sy the supermarket should not test all the avocados in the delivery.
The supermarket tests a sample of 5 avocados and nds that 4 of them are ripe.

They estimate that 80% of the avocados in the delivery are ripe.

b Suggest one wathat the supermarket could improve their estimate.

a Testing all the avocados would mean that When testing a product destroys it, a ‘census’ is
there were none left to sell. not appropriate.

b They could take a larger sample, for
example 10 avocados. This would give a In general, larger samples produce more accurate

better estimate of the overall proportion predictions about a population.
of ripe avocados.



Exercise @

1 A school uses a census to iegtigate the dietary requirements of its students.

a Explain what is meant by a census.

b Give one advantage and one disadvantage to the school of using a census.

2 A factory makes safety harnesses for climbers and has an order to supply 3000 harnesses. The
buyer wishes to know that the load at which the harness breaks exceeds a certain gure.

a Suggest a reason sy a census would not be used for this purpose.

The factory tests four harnesses and the load for breaking is recorded:
320kg  260kg 240kg 180kg

b The factory claims that the harnesses arsafe for loads up to 250 kg. Use the sample data to
comment on this claim.

¢ Suggest one wain which the company can improve their prediction.

3 A city council wants to know what people think about its recycling centre.
The council decides to carry out a sample survey to learn the opinion of residents.

a Write down one reason why the council should not take a census.
b Suggest a suitale sampling frame.
¢ ldentify the sampling units.
4 A manufacturer of microswitches is testing the reliability of its switches. It uses a special
machine to switch them on and o until they break.

a Give one reason why the manufacturer should use a sample rather than a census.
The company tests a sample of 10 switches, and obtains the following results:
23150 25071 19480 22921 7455

b The company claims thaits switches can be operated an average of times without
breaking. Use the sample data above to comment on this claim.

¢ Suggest one wathe company could improve its prediction.

5 A manager of a garage wants to know what their mechanics think about a new pension scheme
designed for them. The manager decides to ask all the mechanics in the garage.

a Describe the population the manger will use.

b Write down the main advantage in asking all of their mechanics.



@ Sampling

In random sampling, every member of the population has an equal chance of being selected. The
sample should therefore be representative of the population. Random sampling also helps to
remove bias from a sample.

There are three methods of random sampling:
M 6LRBQGERPPSOLQJ
M6\VWHRNDWEBLQJ
M6WUDWDPS®LQJ

A simple random sample of sizen is one where every sample of sizen has an equal chance of
being selected.

To carry out a simple random sample, you need a sampling frame, usually a list of people or things.
Each person or thing is allocated a unique number and a selection of these numbers is chosen at
random.

There are two methods of choosing the numbers: generating random numbers (using a calculator,
computer or random number table) and lottery sampling.

In lottery sampling, the members of the sampling frame could be written on tickets and placed into a
‘hat’. The required number of tickets would then be drawn out.

Example e

The 100 members of a yacht club are listed alphabetically in the club’s membership book.
The committee wants to select a sample of 12 members to Il in a questionnaire.

a Explain how the committee could use a d¢eulator or random number generator to take a simple
random sample of the members.

b Explain how the committee could use a lottery sample to ka a simple random sample of the
members.

a Allocate a number from 1 to 100 to each member of the yacht
club. Use your calculator or a random number generator to
generate 12 random numbers between 1 and 100.

Go back to the original population and select the people

If your calculator generates
a number that has already
been selected, ignore that

corresponding to these numbers. number and generate an
b Wiite all the names of the members on (identical) cards and extra random number.

place them into a hat. Draw out 12 names to make up the sample

of members.

In systematic sampling, the required elements are chosen at regular intervals from an
ordered list.

For example, if a sample of size 20 was required from a population of 100, you would take every h
person since 100 +~ 20 = 5.

4



The rst person to be chosen should be chosen at random. So, for example, if the rst person chosen
is number 2 in the list, the remaining sample would be persons 7, 12, 17 etc.

In strati ed sampling, the population is divided into mutually exclusive strata (males and
females, for example) and a random sample is taken from each.

The proportion of each strata sampled should be the same. A simple formula can be used to calculate
the number of people we should sample from each stratum:

The number sampled in a stratum = number in statum

number in population
Example e

A factory manager wants to nd out what his workers think about the factory canteen facilities.

The manager decides to give a questionnaire to a sample of 80 workers. It is thought that di erent
age groups will have di erent opinions.

There are 75 workers between ages 18 and 32.

There are 140 workers between 33 and 47.

There are 85 workers between 48 and 62.

a Write down the name of the method of sampling the manager should use.

b Explain how he could use this method to $ect a sample of workers’ opinions.

x-overall sample size

a Strati ed sampling.

b There are: 75 + 140 + 85 = 300 workers altogether. e 1 (el UGl 225 31

. workers.
18 32: Wx 80 = 20 workers.
For each age group nd the
33 a7 240

— 1
300 <80 =373 37 workers. — ——————— number of workers needed

48 62 22 -x80 =222 23 workers TS SIS

© 300 3 '
Number the workers in each age group. Use a random Where the required number
number table (or generator) to produce the required of workers is not a whole
guantity of random numbers. Give the questionnaire to number, round to the
the workers corresponding to these numbers. nearest whole number.

Each method of random sampling has advantages and disadvantages.

Simple random sampling

Advantages Disadvantages
M ) WRHEH\D M 1RXM WOKEORKSR S X OV WRW®&H
M (IDQEKHREPSOH@®WPDOO | samplesieislarge
populations and small samples M WDPSODRBQHHGHG
M (D FKD P S XIQXIDN QZRD QKT XD O
chance & selection




Systematic sampling

Advantages Disadvantages

M 6LFASOEXLWNVH M WDPSODRBHQHHGHG

M 6 X LW IREXDHY D PFED QG DH M, WDIQUQWGEBBWKHDPSOD® H\V
populations not random

Strati ed sampling

Advantages Disadvantages
M 6D PEXH DWHIWKRER SXODWMR Q3R S X © R VRMRD FrO\Y L HEW
structure distinct strata
M *XDUC@WRHWHBQBOH@®W D W L RB@® O EW KRGKWD WXHU R P
groups within a population the same disadvantags as simple random
sampling

Exercise @

1 a The head teacher ofan infant school wishes to take a strati ed sample of 20% of the pupils at
the school. The school has the following numbers of pupils.

Year 1 Year 2 Year 3 :
Problem-solving
40 60 80

When describing advantages or

Work out how many pupils in each age group will be in disadvantages of a particular
the sample. sampling method, always refer
b Describe one bene t to the head teacher of using a to the context of the question.

strati ed sample.

2 A survey is carried out on 100 members dhe adult population of a city suburb. The population
of the suburb is 2000. An alphabetical list of the inhabitants of the suburb is available.

a Explain one limitation of using a systematic sample in this situation.
b Describe a sampling method that wuld be free of bias for this survey.

3 A gym wants to teke a sample of its members. Each member has a 5-digit membership number,
and the gym selects every member with a membership number ending 000.

a lIs this a systematic sample? @& a reason for your answer.
b Suggest one waof improving the reliability of this sample.

4 A head of sixth form wants to get the opinion of Year 12 Year 13
year 12 and year 13 students about the facilities Male 70 50
available in the common room. The table shows
the numbers of students in each year.

a Suggest a suitale sampling method that might be used to take a sample of 40 students.

b How many students from each gender in each of the two years should the head of sixth
form ask?

Female 85 75




5 A factory manager wants to get information about the ways their workers travel to work. There
are 480 workers in the factory, and each has a clocking-in number. The numbers go from 1 to 480.
Explain how the manager could take a systematic sample of size 30 from these workers.

6 The director of a sports club wants to take a sample of members. The members each have a
unigue membership number. There are 121 members who play cricket, 145 members who play
hockey and 104 members who play squash. No members play more than one sport.

a Explain how the director could take a simple random sample of 30 members and state one
disadvantage of this sampling method.

The director decides to take a strati ed sample of 30 members.
b State one agantage of this method of sampling.

¢ Work out the number of members who play each sport that the director should select for the
sample.

@ Non-random sampling

There are two types of non-random sampling that you need to know:
MAXRWDPSOLQM2SSKWQWWD\PSOLQJ

In quota sampling, an interviewer or researcher selects a sample that re ects the
characteristics of the whole population.

The population is divided into groups according to a given characteristic. The size of each group
determines the proportion of the sample that should have that characteristic.

As an interviewer, you would meet people, assess their group and then, a er interview, allocate them
into the appropriate quota.

This continues until all quotas have been lled. If a person refuses to be interviewed or the quota into
which they tis full, then you simply ignore them and move on to the next person.

Opportunity sampling consists of taking the sample from 2SSRUWXQLW\
people who are available at the time the study is sampling is sometimes called
carried out and who t the criteria you are looking for. convenience sampling.

This could be the rst 20 people you meet outside a supermarket on a Monday morning who are
carrying shopping bags, for example.

There are advantages and disadvantages of each type of sampling.

Quota sampling

Advantages Disadvantages

M  $ O D\RZDXCDOPHBRY WH.HD O M 1RQ UDMQBEFD@EWG EBRD
representative of the population M 3RS X0ORVEKHRIQY LIGRIER X SV

M MOPSODRBHTXLUHG which can be cstly or inaccurate

M 4XHBNWQICQEHQVLYH M ,QFUMBYHR QXGL QHFLVEX/P E H U

M  $ORBIZNR P S D UE WRMHGLHW H Q \Qf groups, which adds time and expense
groups within a population M 1RQ UHYHRRWHRUDWGF K




Opportunity sampling

Advantages Disadvantages

M  (DRRDWRXW M S8QORSRYLBMHSUHVH@DESOQ YH
M [GHQVLYH M +LEHBHQR@ QW®WLYWHEKDOREKHU

Exercise @

1 Interviewers in a shopping centre collect information on the spending habits from a total of 40
shoppers.
a Explain how they could collect the inbrmation using:
i quota sampling il opportunity sampling
b Which method is likely to lead to a more representative sample?

2 Describe the similarities and di erences beteen quota sampling and strati ed random
sampling.

3 An interviewer asks the rst 50 people he sees outside a sh and chip shop on a Friday evening
about their eating habits.

a What type of sampling method did he use?
b Explain why the sampling method may not be representative.
¢ Suggest two impovements he could make to his data collection technique.

4 A reseacher is collecting data on the radio-listening habits of people in a local town. She asks
the rst 5 people she sees on Monday morning entering a supermarket. The number of hours per
week each person listens is given below:

4 7 6 8 2

a Use the sample data to wrk out a prediction for the average number of hours listened per
week for the town as a whole.

b Describe the sampling method used and comment on thdiability of the data.
¢ Suggest two impovements to the method used.

5 In areseach study on the masses of wild deer in a particular habitat, scientists catch the rst
5 male deer they nd and the rst 5 female deer they nd.

a What type of sampling method are they using?
b Give one advantage of this method.
The masses of the sampled deer are listed below.

Male (kg) 75| 80| 90| 85| 82
Female (kg) | 67 | 72| 75| 68| 65

¢ Use the sample data to compar the masses of male and female wild deer.
d Suggest two impovements the scientists could make to the sampling method.



6 The heights, in metes, of 20 ostriches are listed below:

18,19,23,1.7,2.1,2.0,25,2.7,25,2.6,2.3,2.2,2.4,23,2.2,25,1.9,2.0,2.2,25
a Take an opportunity sample of size ve from the data.

b Starting from the second d&a value, take a systematic
sample of size ve from the data.

28 An example of an
opportunity sample from this
data would be to select the

¢ Calculate the mean height for each sample. rst ve heights from the list.

d State with reasons, which sampling method is likely to
be more reliable.

@ Types of data

Variables or data associated with numerical observations are called quantitative variables
or quantitativ e data.

For example, you can give a number to shoe size so shoe size is a quantitative variable.
Variables or data associated with non-numerical observations are called qualitative
variables or qualitative data.
For example, you can'’t give a number to hair colour (blonde, red, brunette). Hair colour is a qualitative
variable.
A variable that can take any value in a given range is a continuous variable.
For example, time can take any value, e.g. 2 seconds, 2.1 seconds, 2.01 seconds etc.

A variable that can take only speci ¢ values in a given range is a discrete variable.
For example, the number of girls in a family is a discrete variable as you can’'t have 2.65 girls in a family.

Large amounts of data can be displayed in a frequency table or as grouped data.
When data is presented in a grouped frequency table, the speci ¢ data values are not
shown. The groups are more commonly known as classes.
Class boundaries tell you the maximum and minimum values that belong in each class.
The midpoint is the average of the class boundaries.
The class width is the di erence between the upper and lower class boundaries.

The lengths x mm, to the nearest mm, of the forewings of a random sample of male adult
butter ies are measured and shown in the table.

Length of Number of
forewing (mm) butter ies, f
30-31 2
32-33 25
34-36 30
37-39 13




a State whether length is
i quantitative or qualitative
il discrete or contiruous.

b Write down the class boundaries, midpoint and class width for the class 34-36.

a i Quantitative WELERNE Be @reful when nding class
ii Continuous boundaries for continuous data. The data values

have been rounded to the nearest mm, so the

N upper class boundary for the 30—31 mm class is
Midpoint = 5(33.5 +36.5) =35 mm 31.5 mm.

Class width =36.5 33.5=3 mm

Exercise @

1 State whether each of the following variables is qualitative or quantitative.
a Height of a tree b Colour of car
¢ Time waiting in a queue d Shoe size

b Class boundaries 33.5 mm 36.5 mm

e Names of pupils in a class

2 State whether each of the following quantitative variables is continuous or discrete.

a Shoe size b Length of leaf

¢ Number of people on a lus d Weight of sugar

e Time required to run 100m f Lifetime in hours of torch batteries
3 Explain why:

a ‘Type of tree’is a qualitative variable
b ‘The number of pupils in a class’ is a discrete quantitative variable
¢ ‘The weight of a collie dog’ is a continuous quantitative variable.

4 The distribution of the masses of two-month-old lambs is shown in the grouped frequency table.

Mass, m (kg) Frequency

1.2<m,13 8 : . . .
pl® The class boundaries are given using

1.3<m,14 28 inequalities, so the values given in the table are
the actual class boundaries.

1.4<m,15 32

15<m,1.6 22

a Write down the class boundaries for the third group.
b Work out the midpoint of the second group.
¢ Work out the class width of the rst group.

10



@ The large data set

You will need to answer questions based on real data in your exam. Some of these questions will be
based on weather data from the large data set provided by Edexcel.

7KB D WHRQVIRVAN B WEBWDPHWR Y L @HVGEKOHH WO HIR UYH8 . ZHD WKW DW LR Q
D QW K HRY H U VZH D W\K\W D VRY. REDRY HSH U LAR\@G VR \R2 FRREH U D Q@D W
2FWREHUKHBAHD WKW D VDHR Q HHEO®@ KPHD BE HRQ

PR ] a7 2
R A VY ol tpan
RN S N A5 NS
4w s - Mol 2
T % Leuchars TN W {Q @\%/J: &
O = 3 s o %
LA B e s
\—jng >5 7 \ Leemi Jacksonville\,‘\ . /f w\% o §
Rl e eemin ) ( L) 9 Y
N ¢ ,& 9 \Vﬂ Northern herms/phéﬁ “(;u
FQUSX S ) -------.\.7’./.\’ ----.\.——:FT---./Z ...... }iﬁ g SRl
E 7 SO \ outhern he;‘]i/sphere et
/ \ x y/ ‘
T s fg/ ) J A / ‘:KJ )
S A e — Heathow L ./ Path e/
- e ‘ 24 y4
Camborne & \2
Hurn &

The large data set contains data for a number of di erent variables at each weather station:

M 'DPEIDW PSHUDWXUH in °C —this is the average of the hourly temperature readings duril
24-hour period.

M 'DMOWDQ QI D O O including solid precipitation such as snow and hail, which is melted before
being included in any measurements — amounts less than @ndb are ecorded as ‘tr’ or ‘trace’

M D MOWDXOQ V Kekdpded to the nearest tenth of an hour

M 'DPEIDDL QEHFWDRGL Q GV 81lntdts, averaged over 24 hours from midnight to
midnight. Mean wind directions are given as bearings and as cardinal (compass) directions. The
data for mean windspeed is also categorised according to the Beaufort scale

Beaufort scale Descriptive Average speed at
term 10 metres above ground Aknot (k)
not (kn) is a
0 Calm Less than 1 knot ‘nautical mile per hour.
1-3 Light 1 to 10 knots 1 kn = 1.15 mph.
4 Moderate 11 to 16 knots
5 Fresh 17 to 21 knots

M _ D PQ\{ L P XXV W in knots —this is the @RS Fq the overseas locations, the only
highest instantaneous windspeed rerded. .

The direc.tion.from which the maximum gust M Daily mean temperature
was blowing is also recorded M Dalily total rainfall

M 'DPOVLPXRODWXYHGdiwh M Daily mean pressure
as a percentage of air saturation with water M Daily mean windspeed

vapour. Relative humidities above 95% give
rise to misty and foggy conditions

11



M 'DPOIDERXBRYHU
measured in ‘oktas’ or eighths of
the sky covered by cloud

M 'DPEIDY)L VL Etea@sumd
in decametres (Dm). This is the
greatest horizontal distance at
which an object can be seen in
daylight

M 'DPEID®HY VYV XUH measu
KHFWRSBE®BFDOV

Any missing data values are
indicated in the large data set as
n/a or ‘not available’.

Data from Hurn for the rst days of
June 1987 is shown to the right.

You are expected to be able to take
a sample from the large data set,
identify di erent types of data and
calculate statistics from the data.

If you need to do calculations on
the large data set in your exam,
the relevant extract from the
data set will be provided.

HURN © Crown Copyright Met O ce 1987
g <

~ ~~ x ~—~~

) % ~ c

§ =5 < D D = =

© (0] (0] a

s | S| ¢| & 38| 2

o = = o] T = o

£ o 7 £ £9 £

e = 5 = s E =]

c = ? c c 8 =

o 3 3 o = s

_ £ L L = £ 8 £

ed ing > > > > >3 >

© ‘© ‘© ‘© ‘© ‘© cqﬁ) ‘©

a a a a o) n o)

01/6/1987 15.1 0.6 4.5 7 Light 19

02/6/1987 12.5 4.7 0 7 Light 22
03/6/1987| 13.8 tr 5.6 11 | Moderate 25

04/6/1987 15.5 53 7.8 7 Light 17
05/6/1987 | 13.1 19.0 0.5 10 Light 33
06/6/1987 13.8 0 8.9 19 Fresh 46
07/6/1987 13.2 tr 3.8 11 Moderate 27

08/6/1987 | 12.9 1 1.7 9 Light 19

09/6/1987 | 11.2 tr 5.4 6 Light 19

10/6/1987| 9.2 1.3 9.7 4 Light n/a

11/6/1987 12.6 0 12.5 6 Light 18

12/6/1987 10.4 0 11.9 5 Light n/a

13/6/1987| 9.6 0 8.6 5 Light 15

14/6/1987 10.2 0 13.1 5 Light 18

15/6/1987 9.2 3.7 7.1 4 Light 25

16/6/1987 10.4 5.6 8.3 6 Light 25
17/6/1987 12.8 0.1 5.3 10 Light 27

18/6/1987 13.0 7.4 3.2 9 Light 24
19/6/1987 14.0 tr 0.4 12 | Moderate 33

20/6/1987 12.6 0 7.7 6 Light 17

Look at the extract from the large data set given above.
a Describe the type of déa represented by daily total rainfall.

Alison is investigating daily maximum gust. She wants to select a sample of size 5 from the rst
20 days in Hurn in June 1987. She uses the rst two digits of the date as a sampling frame and

generates ve random numbers between 1 and 20.

b State the type ofsample selected by Alison.
¢ Explain why Alison’s process might not generate a sample of size 5.

12




a Continuous quantitative data. WELEREE  Athough you won't need to recall

b Simple random sample speci ¢ data values from the large data set in
¢ Some of the data values are not available your exam, you will need to know the limitations
(n/a). of the data set and the approximate range of

values for each variable.

Using the extract from the large data set on the previous page, calculate:

a the mean daily mean tempeture for the rst ve days of June in Hurn in 1987

b the median daily totd rainfall for the week of 14th June to 20th June inclusive.

The median daily total rainfall for the same week in Perth was 1909m. Kar| states that more
southerly countries experience higher rainfall during June.

c State with a rrason whether your answer to part b supports this statement.

The mean is the sum of the data values divided
by the number of data values. The data values are
given to 1 d.p. so give your answer to the same

a 151+ 12.5+ 13.8 + 15,5 + 13.1 = 70.0
70.0 +5=14.0 °C (L d.p)

b The values are: 0, 3.7, 5.6, 0.1, 7.4, tr, O degree of accuracy.
In ascending order: 0, O, tr, 0.1, 3.7, 5.6,
7.4 Trace amounts are slightly larger than 0. If you
The median is the middle value so 0.inm need to do a numerical calculation involving a

trace amount you can treat it as 0.
¢ Perth is in Australia, which is south of the

UK, and the median rainfall was higher

- O Use your calculator to nd the %
19.0mm > 0.1mn). However, this is a y
( m mean and median of discrete data.

very small sample from a single location in

each country so does not provide enough Probl i _
evidence to support Karl's statement. o e_so WMUEEY Don'tjust look at the .
numerical values. You also need to consider

whether the sample is large enough, and whether
there are other geographical factors which could

. a ect rainfall in these two locations.
Exercise @

1 From the eight weather stations featured in the large data set, write down:
a the station which is furthest north b the station which is furthest south
¢ aninland station d a coastal stéon
e an overseas station.

2 Explain, with reasons whether daily maximum relative humidity is a discrete or continuous
variable.

13



Questions 3 and 4 in this exercise use the following extracts from the large data set.

LEEMING HEATHROW

© Crown Copyright Met O ce 2015 © Crown Copyright Met O ce 2015

9 < 9 <
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a a a a a a a a a a

01/06/2015 8.9 10 51 15 01/06/2015 121 0.6 4.1 15

02/06/2015| 10.7 tr 8.9 17 02/06/2015 15.4 tr 1.6 18

03/06/2015 | 12.0 0 10.0 8 03/06/2015| 15.8 0 9.1 9

04/06/2015 | 11.7 0 12.8 7 04/06/2015 | 16.1 0.8 14.4 6

05/06/2015 | 15.0 0 8.9 9 05/06/2015 | 19.6 tr 5.3 9
06/06/2015| 11.6 tr 54 17 06/06/2015 145 0 12.3 12

07/06/2015 12.6 0 13.9 10 07/06/201 14.0 0 13 5

08/06/2015 94 0 9.7 7 08/06/2015 | 14.0 tr 6.4 7

09/06/2015 9.7 0 121 5 09/06/2015 | 11.4 0 25 10

10/06/2015 | 11.0 0 14.6 4 10/06/2015 | 14.3 0 7.2 10

3 a Work out the mean of the daily total sunshine for the rst 10 days of June 2015 in:
i Leeming
i Heathrow.

b Work out the range of the daily total sunshine for the rst 10 days of June 2015 in:
i Leeming
il Heathrow.

¢ Supraj sgs that the further north you are, the fewer the

number of hours of sunshine. State, with reasons, whether

your answers to parts a and b support this conclusion.

14
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State in your answer

whether Leeming is north or

south of Heathrow.




® 4
® 5

EP) 8

Calculate the mean dalily total rainfall in Heathrow for the rst 10 days of June 2015.
Explain clearly how you dealt with the data for 2/6/2015, 5/6/2015 and 8/6/2015.

Dominic is interested in seeing he the average monthly temperature changed over the
summer months of 2015 in Jacksonville. He decides to take a sample of
two days every month and average the temperatures before comparing them.

a Give one reason why taking two days a month might be:
i a good sample size
i a poor sample size
b He chooses the rst day ofeach month and the last day of each month.
Give a reason why this method of choosing days might not be representative.

¢ Suggest a better wathat he can choose his sample of days.

The table shows the mean daily temperatures at each of the eight weather stations for
August 2015:

Camborne | Heathrow | Hurn| Leeming| Leuchars Beijing Jacksonville Perllh

Mean daily
mean temp 154 18.1 16.2 15.6 14.7 26.6 26.4 13.6
°C)

© Crown Copyright Met O ce

a Give a geographical reason why the temperature in August might be lower in Perth than in
Jacksonville.

b Comment on whether this d#éa supports the conclusion that coastal locations experience
lower average temperatures than inland locations.

Brian calculates the mean cloud coverage in Leeming in September 1987. He obtains the answer
9.3 oktas. Explain how you know that Brian’s answer is incorrect.

The large dda set provides data for 184 consecutive days in 1987. Marie is investigating daily
mean windspeeds in Camborne in 1987.

a Describe how Marie could t&e a systematic sample of 30 days from the data for

Camborne in 1987. (3 marks)
b Explain why Marie’'s sample would not necessarily give her 30 data points for her
investigation. (1 mark)

15



Large data set

Yo

u will need access to the large data set and spreadsheet so ware to answer

these questions.

1

a Find the mean daily mean pressure in Beijing in October 1987.
b Find the median daily rainfall in Jacksonville in July 2015.
¢ i Draw a grouped frequency table for the daily mean temperature in Hint
Heathrow in July and August 2015. Use intervals 10 <t , 15, etc.
ii Draw a histogram to display this data.
iii Draw a frequency polygon for this data.

You can use the
Gountlf command in
a spreadsheet to work
out the frequency for
a i T&ke a simple random sample of size 10 from the data for daily mean each class.
windspeed in Leeming in 1987.
il Wak out the mean of the daily windspeeds using your sample.
b i Take a sample of the last 10 values from the data for daily mean
windspeed in Leuchars in 1987.
il Wak out the mean of the daily mean windspeeds using your sample.
c State, with reasons, which of your samples is likely to be more
representative.
d Suwgest two improvements to the sampling methods suggested in part a
e Use an appropriate sampling method and sample size to estimate the
mean windspeeds in Leeming and Leuchars in 1987. State with a reason
whether your calculations support the statement ‘Coastal locations are
likely to have higher average windspeeds than inland locations’.

Mixed exercise o

17T

he table shows the daily mean temperature recorded on the rst 15 days in May 1987 at

Heathrow.

Day of month| 1 2 3 4 5 6 7 8 9| 10 11} 12 13 14 1b

ti?n"g E“(e:‘)"” 146| 8.8 7.2| 7.3 101 110 122 121 152 11.1 10.6 12.7 [8.9 10.0 [9.5
© Crown Copyright Met O ce

a Use an opportunity sample of the rst 5 dates in the table to estimate the mean daily mean
temperature at Heathrow for the rst 15 days of May 1987.

b Describe how yu could use thg random number function S Make sure you describe
on your calculaf[or to select a simple random sample of your sampling frame.
5 dates from this data.

¢ Use a simple random sample ob dates to estimate the mean daily mean temperature at
Heathrow for the rst 15 days of May 1987.

d Use all 15 daes to calculate the mean daily mean temperature at Heathrow for the rst
15 days of May 1987. Comment on the reliability of your two samples.

2 a Give one advantage and one disadvantage of using:

i acensus il a sample survey

b Itis decided to take a sample of 100 from a population consisting of 500 elements. Explain

16
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3 a Explain brie y w hat is meant by:
i a population i a sampling frame
b A market research organisation wants to take a sample of:
i owners of diesel motor cars in the UK
i persons living in Oxbrd who su ered injuries to the back during July 1996.

Suggest a suitable sampling frame in each case.

4 Write down one advantage and one disadvantage of using:
a strati ed sampling b simple random sampling.

5 The managing diector of a factory wants to know what the workers think about the factory
canteen facilities. 100 people work in the o ces and 200 work on the shop oor.

The factory manager decides to ask the people who work in the o ces.
a Suggest a reason ky this is likely to produce a biased sample.
b Explain brie y ho w the factory manager could select a sample of 30 workers using:
i systematic sampling i strati ed sampling iii quota sampling.
6 There are 64 girls and 56 boys in a school.
Explain brie y how you could take a random sample of 15 pupils using:
a simple random sampling b strati ed sampling.

7 As part of her staistics project, Deepa decided to estimate the amount of time A-level students
at her school spent on private study each week. She took a random sample of students from
those studying arts subjects, science subjects and a mixture of arts and science subjects. Each
student kept a record of the time they spent on private study during the third week of term.

a Write down the name of the sampling method used by Deepa.

b Give areason for using this method and give one advantage this method has over simple
random sampling.

8 A conservaionist is collecting data on African springboks. She catches the rst ve springboks
she nds and records their masses.

a State the sampling method used.
b Give one advantage of this type of sampling method.

The data is given below:
70kg 76kg 82kg 74Kkg 78Kkg.

¢ State with a reason, whether this data is discrete or continuous.
d Calculate the mean mass.

A second conservationist collects data by selecting one springbok in each of ve locations.
The data collected is given below:

79kg 86kg 90kg 68kg 75kg.
e Calculate the mean mass for this sample.

f State with a reason, which mean mass is likely to be a more reliable estimate of the mean
mass of African springboks.

g Give one improvement the second conservationist could make to the sampling method.

17



@ 9 Data on the daily total rainfall in Beijing during 2015 is gathered from the large data set.
The daily total rainfall (in mm) on the rst of each month is listed below:

May 1st 9.0
June 1st 0.0
July 1st 1.0

August 1st 32.0
September 1st 4.1
October 1st 3.0

a State with a reason, whether or not this sample is random. (1 mark)
b Suggest two Hernative sampling methods and give one advantage and one

disadvantage of each in this context. (2 marks)
c State with a reason, whether the data is discrete or continuous. (1 mark)
d Calculate the mean of the six data values given above. (2 mark)
e Comment on the rdiability of this value as an estimate for the mean daily total rainfall

in Beijing during 2015. (1 mark)

Large data set

You will need access to the large data set and spreadsheet so ware to answer

these questions.

a Take a systematic sample of size 18 for the daily maximum relative
humidity in Camborne during 1987.

b Give one advantage of using a systematic sample in this context.

¢ Use your sample to nd an estimate for the mean daily maximum relative
humidity in Camborne during 1987.

d Camment on the reliability of this estimate. Suggest one way in which the
reliability can be improved.

18



Summary of key points

1 M, Q/W D Wipwpmatibry/ is the whole set of items that are of interest.
M $census observes or measures every member of a population.

2 M$VDPHH®VHEWRREHUY DWHREB RDV X\EHRWV KSHR S X O D KMLLERY/ H G
to nd out inf ormation about the population as a whole.

M,QGLYKGXDS R S X O DMNL@ERDSampling units .

M2EHQDP S XIQQRADS R S X O DMLIQREQ. Y LAEDXMIRE@ X P BFHHIRIR UBO LV W
called asampling frame.

3 M $simple random sample of size n is one where every sample of size n has an equal chance
of being selected.

M, Qystematic sampling, the required elements are chosen at regular intervals from an
ordered list.

M, @trati ed sampling, the population is divided into mutually exclusive strata (males and
females, for example) and a random sample is taken from each.

M, Quota sampling D Q W Y L R IHHVUH D WRHHKEHRWD PHB/OK B \WWH PMKVH
characeristics of the whole population.

MOpportunity sampling consists of taking the sample from people who are available at the
time the study is carried out and who t the criteria you are looking for.

4 M9D U HEDD W R F LAOAWHKG H URLF 1B 0Y DIYWHE RHQ@Dantitativ e variables
or quantitative data.

M 9D U HIREGD WV R F LOAWHRX Q X PR® H B Y OMWHE RHQGDalitativ e
variables or qualitative data.

5 M YoULDMNEEEW BDQYD O X®J LH@D Q 1 Hxontinuous variable.
M$ YD U L MEKIERYY BIRIQ © § H YD & XK LHY@D Q J HAliscrete variable.

6 MWhen data is preserd in a grouped frequency table, the speci ¢ data values are not
shown. The groups are more commonly known as classes.

M& O IE\RK Q G IMUDEIXNV KPHD [ L P JORDSL Q L PYORD XWHKD ARADL ®f D FFKY Y
M 7AKLHG S RIVDKIM H U BIIWHKFHYEE R X Q GDULH V
M 7AKOWY L G MWK KGHHNU H € FidM HVQKXE SBE Q@ Z HFWERXQGDULH V

7 If you need b do calculations on the large data set in your exam, the relevant extract from the
data set will be provided.
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Measures of location

and spread

A er completing this chapter you should be able to:

Prior knowledge check

1 State whether each of these variables is
qualitative or quantitative:

a Cobur of car

Catulate measures of central tendency such as the mean,

median and mode pages 21 25
Calculate measures of location such as percentiles and
deciles pages 25 28
Calculate measures of spread such as range, interquartile
range and interpercentile range pages 28 29
Calculate variance and standard deviation pages 30 33
Understand and use coding pages 33 36

b Miles tavelled by a cyclist

¢ Favourite type of pet

d Number of bothers and sisters.

Section 1.4

2 State whether each of these variables is

discrete or continuous:

a Number of pets avned

Distance valked by ramblers

Fuel ®onsumption of lorries

Number of pea in a pod

Times talen by a group of athletes to

® O O T

run 1500m.

Section 1.4

3 Find the mean, median, mode and ramg
of the data shown in this frequency table.

56| 7 Wildlife biologists use statistics such as mean

wingspan and standard deviation to compare

Numper of 304
peas in a pod
Frequency 4 17

11 18 6 populations of endangered birds in di erent

GCSE Mathematics habitats. Mixed exercise Q12



@ Measures of central tendency

A measure of location is a single value which describes a position in a data set. If the single value
describes the centre of the data, it is called a measure of central tendency. You should already
know how to work out the mean, median and mode of a set of ungrouped data and from ungrouped
frequency tables.

The mode or modal class is the alue or class that occurs most o en.

The median is the middle value when the data values are put in order.

The mean can be calcula¢d using the
Notation

formula x = S—X X represents the mearof the data. You sax bar’.

n
Sx represents the sum of the data values.

n is the number of data values.
Example o

The mean of a sample of 25 observations is 6.4. The mean of a second sample of 30 observations
is 7.2. Calculate the mean of all 55 observations.

For the rst set of observations:

= X - X
= - so 6.4 5
X =6.4x25=160 Sum of data values mean xnumber of data values.

For the second set of observations:

7= L so72= L _
Mo ras 30 Yau can use x and y to represent
y =72x30=216 two di erent data sets. You need t.o us<_e di erent
160 + 216 letters for the number of observations in each
+
=~ i20 data set.
Mean 25+ 30 6.84 (2 d.p.)

You need to decide on the best measure to use in particular situations.

M ORGH KLYV H®&H®D WWDX D O HR WD @ WHZN AWK WEBVH.BIP @ GRIW R
modes (bimodal)lt is not very informative if each value occurs only once.

M OHGLDKQALX V HRET X D Q WHCADDWIDK Y X DX GAG HVWQ KHDWH W U HYB B XIW V
they do not a ect it.

M OHDQ KLYV HRET XD Q WHGNDIPXSY HDWWWISH HR G D VW KHH B ULHYDW X H
PHDWRWKGDWHEHYHWD N FWEHEW U HB B XHV

You can calculate the mean, median and mode for discrete data presented in a frequency table.

For data given in a frequency table, the

mean can be catulated using the formula
_ Sxf Sxf is the sum of the products of the
X = SP data values and their frequencies.

Sf is the sum of the frequencies.
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Rebecca records the shirt collar size, X, [ gpirt collar size 15 | 155] 16 | 165] 17

of the male students in.her year. Number of students 3 17 29 34 12
The results are shown in the table.

Find for this data:
a the mode b the median c the mean.
d Explain why a shirt manufacturer might use the mode when planning production numbers.

16.5 is the collar size with the

a Mode =16.5 )
highest frequency.

b There are 95 observations
so the median is the 952+ 1 = 48th.
There are 20 observations up to 15.5

and 49 observations up to 16.

Median = 16
Online i
_ 15x3+155x 17+ 16 x 29+ 16.5 x 34 + 17 x 12 - You can input a %

The 48th observation is therefore
16.

C X= 95 frequency table into your
calculator, and calculate the mean
_ 45+ 263.5+ 42: +561+204 155’57'5 - 16.2 and median without having to

enter the whole calculation.
d The mode is an actual data value and gives the

manufacturer information on the most common size .
/ hased The mean is not one of the data
worn/purchased. values and the median is not

necessarily indicative of the most
Exercise @

popular collar size.
1 Meryl collected wild mushiooms every day for a week. When she got home each day she weighed
them to the nearest 10Q. The weights ae shown below:

500 700 400 300 900 700 700
a Write down the mode for this data.
b Calculate the mean for this data.
¢ Find the median for this dda.
On the next day, Meryl collects 65@ of wild mushrooms.

d Write down the e ect this will have ] Hint Try to answer part d without recalculating the
on the mean, the mode and the median.  4erages. You could recalculate to check your answer.

2 Joe collects six pieces dlata, X;, X5, X3, X4, X5 @and x;. He works out that Sx is 256.2.
a Calculate the mean for this data.
He collects another piece of data. It is 52.
b Write down the e ect this piece of data will have on the mean.
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From the large data set, the daily mean visibility, v metres, for Leeming in May and June 2015
was recorded each day. The data is summarised as follows:
May: n = 31, Sv = 72400 =18 You don't need to
June: n = 30, Sv = 63200 refer to the actual large data

set. All the data you need is

a Calculate the mean visibility in each month. ) ) .
given with the question.

b Calculate the mean visibility for the total recording period.

A small workshop records how long it takes, in minutes, for each of their workers to make a
certain item. The times are shown in the table.

Worker A B C D E F G H I J
Time in minutes | 7 12 | 10 8 6 8 5 26| 11 9

a Write down the mode for this data.
b Calculate the mean for this data.
¢ Find the median for this daa.

d The manager vants to give the workers an idea of the average time they took.
Write down, with a reason, which of the answers to a, b and ¢ she should use.

The frequency tdle shows the number of Breakdowns | o | 11 2] 3] a
breakdowns, b, per month recorded by a road Frequency 8 | 11| 12| 3| 1| 1
haulage rm over a certain period of time.

a Write down the modal number of breakdowns.
b Find the median number ofbreakdowns.

¢ Calculate the mean number of breakdowns.

d In a brochure about how many loads reach their destination on time, the rm quotes
one of the answers to a, b or ¢ as the number of breakdowns per month for its vehicles.
Write down which of the three answers the rm should quote in the brochure.

The table shows the frequency distribution for Number of petals| 5 | 6 | 7
the number of petals in the owers of a group Frequency 8 1571 291 3| 1
of celandines.

Calculate the mean number of petals.

A naturalist is investigating how many eggs the endangered kakapo bird lays in each brood cycle.
The results are given in this frequency table.

Number of eggs | 1 2 3 Problem-solving

Frequency 7 p 2 Use the formula for the mean of
an ungrouped frequency table to
write an equation involving p

If the mean number of eggs is 1.5, nd the value of p.
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You can calculate the mean, the class containing the median and the modal class for continuous data
presented in a grouped frequency table by nding the midpoint of each class interval.

The length xmm, to the nearest Length of pine cone (mm)| 30-31 | 32-33| 34-3§ 37-3
mm, of a random sample of pine Frequency 2 25 30 13
cones is measured. The data is

shown in the table.

a Write down the modal class. b Estimate the mean. ¢ Find the median class.

a Modal class = 34-36 The modal class is the class with the
highest frequency.

30.5x 2+325x25+35x30+38x13
70

b Mean=

__ Sxf ) -
= 3454 Usex =5 taking the midpoint of

each clas interval as the value of x.

¢ There are 70 observations so the median is the 35.5th. . .
The answer is an estimate because

The 35.5th observation will lie in the class 34-36.

Section 1.4
1 The weekly v_vages (to the nearest £) of _the production Weekly wage| Frequency
line workers in a small factory is shown in the table. (£)
a Write down the modal class. 175-225 4
b Calculate an estimate of the mean wage. 226-300 8
¢ Write down the interval containing the median. 301-350 18
351-400 28
401-500 7

® 3

The noise leels at 30 locations near an outdoor concert venue were measured to the nearest
decibel. The data collected is shown in the grouped frequency table.

Noise (decibels)| 65-69| 70-74/ 75-79 80-84 85-89 90-94 95199

Frequency 1 4 6 6 8 4 1
a Calculate an estimate of the mean noise level. (1 mark)
b Explain why your answer to part a is an estimate. (1 mark)

The table shows the daily mean temperature at Heathrow in October 1987 from the large
data set.

Temp(°C) | 6<t,8 [8<t,10 10<t,12 12|<t,14 14<t,16 16<f(, 18

Frequency 3 7 9 7 3 2
© Crown Copyright Met O ce
a Write down the modal class. (1 mark)
b Calculate an estimate for the mean daily mean temperature. (2 mark)
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® 4 Two DIY shops (A and B) recorded the ages of their workers. Problem-solving

Age of worker | 16-25| 26-35 36-4% 46-55 56-65 66-5 Since age is always

Frequency A | 5 16 | 14 | 22| 26| 14 Loun‘jjed do‘;"” tL‘e CRES
oundaries for the 16—25
F B 4 12 10 28 25 13
requency group are 16 and 26. This
By comparing estimated means for each shop, determine which means that the midpoint
shop is better at employing older workers. of the class is 21.

@ Other measues of location

The median describes the middle of the data set. It splits the data set into two equal (50%) halves.

You can calculate other measures of location such as quartiles and percentiles.

The lower quatrtile is one-quarter This is the median value. The upper quatrtile is
of the way through the data set. \ l / three-quarters of the way
Lowest Highes through the data set.
value Q Q Qs value
Percentiles splitthe ——— < \
P < 25% >« 25% >« 25% >« 25% > 85% of the data values

data set into 100 parts. <« >

The 10th percentile lies 10% are less than the 85th

one-tenth of the way < 85% > percentile, and 15% are
greater.

through the data.

Use these rules to nd the upper and lower quartiles for discrete data.

To nd the lower quartile for discrete data, divide n by 4. NEELRD) O, is the lower
If this is a whole number, the lower quartile is halfway quartile, Q is the median
between this data point and the one above. If it is not a and Q is the upper quartile.
whole number, round up and pick this data point.

To nd the upper quartile for discrete data, nd %of n. If this is a whole number, the upper
quartile is halfway between this data point and the one above. If it is not a whole number,
round up and pick this data point.

From the large data set, the daily maximum gust (knots) during the rst 20 days of June 2015 is
recorded in Hurn. The data is shown below:

14 15 17 17 18 18 19 19 22 22
23 23 23 24 25 26 27 28 36 39
© Crown Copyright Met O ce
Find the median and quartiles for this data.
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Q= %h value= 10.5th value
Q, = %: 22.5 knots

Q, = 5.5th value
Q; = 18 knots
Q; = 15.5th value

Q; = 25.5 knots

When data are presented in a grouped
frequency table you can use a technique called
interpolation to estimate the median, quartiles
and percentiles. When you use interpolation,
you are assuming that the data values are
evenly distributed within each class.

Q, is the median. It lies halfway between the 10th
and 11th data values (which are 22 knots and 23
knots respectively).

24—0= 5 so the lower quartile is halfway between

the 5th and 6th data values.

3x20
4
between the 15th and 16th data values.

= 15 so the lower quartile is halfway

WEWEIRE® Forgrouped continuous data, or

data presented in a cumulative frequency table:

Q= %th data value

Q= %th data value

Q= i—nth data value

The length of time (to the nearest minute)
spent on the internet each evening by a

Length of time spent
on internet (minutes)

30-31| 32-33 34-36 37-39

group of students is shown in the table.

Frequency 2 25 30 13

a Find an estimate or the upper quartile.

x 70

a Upper quartile: 3 7 = 52.5th value
Using interpolation:
335 Qs 36.5
—@ @ @
27 52.5 57
Qs 335 525 27
36.5 335 57 27
Q; 335 _255
3 30
Q; =36 .05

b The 10th percentile is the 7th data value.
Po 315 7 2

335 315 27 2
Po 35 5

2 25
P,o=31.9

26

b Find an estimate or the 10th percentile.

The endpoints on the line represent the class
boundaries.

The values on the bottom are the cumulative
frequencies for the previous classes and this class.

Problem-solving

Use proportion to estimate @ The 52.5th value
525 27

IiesWof the way into the class, so;Qes

Q 335
mof the way between the class
boundaries. Equate these two fractions to form

an equation and solve to nd @

Yau can write the 10th percentile

as Bo.



Exercise @

1 From the large data set, the daily mean pressure (hPa) during the last 16 days of July 2015 in
Perth is recorded. The data is given below:

1024 1022 1021 1013 1009
1027 1029 1031 1025 1017
a Find the median pressue for that period.
b Find the lower and upper quatrtiles.

1018
1019

Rachd records the number of CDs in the collections of
students in her year. The results are in the table below.

Number of CDs 35 36 37 38 39
Frequency 3 17 29 34 12

Find Q4, Q, and Q..

A hotel is worried about the reliability of its lift.

It keeps a weekly record of the number of times
it breaks down over a period of 26 weeks.

The data collected is summarised in the

table opposite.

Use interpolation to estimate the median
number of breakdowns.

1017 1024
1017 1014
Hint

This an ungrouped

frequency table so you do not
need to use interpolation. Use
the rules for nding the median
and quartiles of discretedata.

Number of Frequency
breakdowns
0-1 18
2-3 7
4-5 1
(2 marks)

The weights of31 Jersey cows were recorded to the nearest kilogram. The weights are shown in

the table.
a Find an estimate br the Weiaht of

median weight. cattlge (kg) 300-349| 350-399 400-449 450-4P9 500-549
b Find the lower quartile, Q. Frequency 3 6 10 7 5

¢ Find the upper quartile, Qs.

d Interpret the meaning ofthe value you have found for the upper quartile in part c.

A roadside assistance m kept a record over a week of the amount of time, in minutes, people
were kept waiting for assistance. The times are shown below.

Time waiting, t (minutes) | 20<t,30 |(30<t,40 40<t,50 50<t,60 60Kt,70
Frequency 6 10 18 13 2
a Find an estimate br the mean wait time. (2 mark)
b Calculate the 65th percentile. (2 marks)
The rm writes the following statement for an advertisement:
Only 10% of our customers have to wait longer than 56 minutes.
¢ By calculating a suitable percentile, comment on the validity of this claim. (3 marks)
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@ 6 The table shows the recorded wingspans, in metres, of 100 endangered Californian condors.

Wingspan,w(m) [ 1.0<w,15 |15<w,20 20<w,25 2|5<w,3.0 3.0<w

Frequency 4 20 37 28 11
a Estimate the 80th percentile and interpret the value. (x marks)
b State why it is not possible to estimate the 90th percentile. (x marks)

@ Measures of spread

A measure of spread is a measure of how spread out NEEUN) Memures of spread
the data is. Here are two simple measures of spread. Il -

The range is the di erence between the largest dispersion or measures of variation.
and smallest values in the data set.

The interquartile range (IQR) is the di erence between the upper quartile and the lower
quartile, Q; Qj.

7KHD Q WB N RIVF R XQ®OV KG-D & OMD BHD N F WBAKW U BB B XHKQMH@IW T XD U W L O H

U D BLIQ RDAN F WEHKEW U HYB B XBKWVQ BRQ V L & HWBADRW KPH. GHG O R W KD W D
The interpercentile range is the di erence between the values for two given percentiles.

7KHWW WEK@W SH U RBQ WRMHHR V WG QLAMQ RDAN F WAHKEW U HYB B X8-KWW L O O
considers 80% fathe data in its calculation.

The table shows the masses, in tonnes, of 120 African bush elephants.

Mass, m (t) 40<m,45 |45<m,50 5b50<m,55 55<m,6.0 60D<m,6.5
Frequency 13 23 31 34 19

Find estimates for:
a the range b the interquartile range ¢ the 10th to 90th interpercentile ange.

The largest possible value is 6.5 and the smallest
possible value is 4.0.

b Q, = 30th data value: 4.87 tonnes.
Qs =.90th data} value: 5.-84 tonnes. . Q45 30 13
The interquartile range is therefore Use interpolation;

5.0 45 23
5.84 4.87 =0.97 tonnes.
¢ 10th percentile = 12th data value: ——— Q& 55 90 67

a Rangeis 6.5 4.0 =2.5tonnes.

4.46 tonnes. Use |nterpolat|0n.6.0 615 34

90th percentile = 108th data value:

6.18 tonnes. Use interpolation to nd the 10th and 90th

The 10th to 90th interpercentile range is —— percentiles, then work out the di erence between
therefore 6.18 4.46 = 1.72 tonnes. them.
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Exercise @

®1

® 2

® 3

The lengths of a mmber of slow worms were Lengths of slow | Frequency

measured, to the nearest mm. worms (mm)

The results are shown in the table. 125-139 4

a Work out how many slow worms were 140-154 4
measured. 155-169 2

b Estimate the intequartile range for the lengths 170-184 7
of the slow worms. 185-199 20

¢ Calculate an estimate for the mean length of 200-214 24
slow worms. 215-229 10

d Estimate the umber of slow worms Problem-solving

whose length is more than one _ _ i

interquartile range above the mean. For pe_xrt d W°T" OUtX. QR e determlr_me which
class interval it falls in. Then use proportion to work
out how many slow worms from that class interval
you need to include in your estimate.

The table shows the monthly income for workers in a factory.

Monthly income, x () | 900 <x, 1000 |1000<x, 1100 [1100<x,1200 1200<x, 1300

Frequency 3 24 28 15
a Calculate the 34% to 66% interpercentile range. (3 marks)
b Estimate the umber of data values that fall within this range. (2 marks)

A train tr avelled from Lancaster to Preston. The times, to the nearest minute, it took for the
journey were recorded over a certain period. The times are shown in the table.

Time for journey (minutes) | 15-16 | 17-18| 19-20] 21-22

Frequency 5 10 35 10
a Calculate the 5% to 95% interpercentile range. (3 marks)
b Estimate the umber of data values that fall within this range. (1 mark)

From the large data set, the daily mean temperature (°C) for Leeming during the rst
10 days of June 1987 is given below:

143 127 124 109 94 132 121 103 10.3 10.6
a Calculate the median and interquartile range. (2 marks)

The median daily mean tempeature for Leeming during the rst 10 days of May 1987 was
9.9°C and the interquartile ange was 3.9C.

b Compare the daa for May with the data for June. (2 marks)

The 10% to 90% interpercentileange for the daily mean temperature for Leeming during July
1987 was 5.4C.

¢ Estimate the umber of days in July 1987 on which the daily mean temperature fell
within this range. (2 mark)
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@ Variance and standard deviation

Another measure that can be used to work out the spread of a data set is the variance. This makes
use of the fact that each data point deviates from the mean by the amountx.

S(x X)?> _Sx2 Sx 2 Sk
- = O

Variance =

n n n Nelcieil) s, isa summary
) (Sx)2 statistic , which is used to make
where S, = S(x = X)? = Sx n formulae easier to use and learn.
. Sx2  Sx 2. : . .
The second ersion of the formula;—— (=5 . Is easier to work with when given raw data.

It can be thought of as 'the mean of the squares minus the square of the mean’.

The third version%x, is easiera use if you can use your calculator to nd,Squickly.

The units of the variance are the units of the data squared. You can nd a related measure of spread
that has the same units as the data.

The standard deviation is the square root of the variance:

S(x X)2_ Sx2 Sx?_ S i s the symbol we use

X
n n n n for the standard deviation of a data

set. Hence 2 is used for the variance.
Example e

The marks gained in a test by seven randomly selected students are:
3 4 6 2 8 8 5
Find the variance and standard deviation of the marks of the seven students.

Sx=3+4+6+2+8+8+5=36

Sx?=9+16+36+4+64+64+25=218 Use the ‘mean of the squares minus the square
. 2 of the mean’.
variance, 2 = 27L8 (% =4.69 ) )
,_Sx*  SX
standard deviation, = 4.69 = 2.17 n n

You can use these versions of the formulae for variance and standard deviation for grouped
data that is pr esented in a frequency table:

_Sf(x x)? Sfx2 Sfx 2

S st ( stf)

2

Sf(x x)?  Sfx?2 Sfx 2
Sf st ( sf)

where f is the frequency for each group and & is the total fr equency.
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Shamsa records the time spent out of schoo| Time spent out of school (min] 35 | 36 | 37| 38

during the lunch hour to the nearest minute, Frequency 3 | 17| 29| 34
X, of the female students in her year.
The results are shown in the table.

Calculate the standard deviation of the time spent out of school.

Sfx2=3 x352+17x362+29x37 2 The values of &2, Sfx and Sf might be given
+34 x38 2=114504 with the question.

Sfx =3 x35 +17 x 36 +29 x 37
+ 34 x 38 = 3082

Sf=3+17+29+34=83

114504 3082 2
2 = = —_— fx2 fx 2
53 (a3 ] =07AL4T. Use 22 SP2 Six

2is the variance, andis the standard deviation.

o sf ( sf)
= 0.74147... =0.861 (3s.f)

If the data is given in a grouped frequency table, you can calculate estimates for the variance and
standard deviation of the data using the midpoint of each class interval.

Example e

Andy recorded the length, in minutes, of each telephone call he made for a month. The data is
summarised in the table below.

Length of telephone call I min)0,1<5 %,1<10 10,I<15 15|, 1<20 20,|{I<60 60,I< 70
Frequency 4 15 5 2 0 1

Calculate an estimate of the standard deviation of the length of telephone calls.

You can use a

Length of Frequency Midpoint fx fx? . )
telephone X l table like this to
call (I min keep track of your
(1 min) working.
0,I<5b 4 2.5 4%x25=10 |4x6.25=25
5,1<10 15 75 112.5 843.75
10,1<15 5 12.5 62.5 781.25
15,1< 20 2 17.5 35 612.5
20,1<60 0 40 0 0 WCY!( this
60, 1< 70 1 65 65 4225 out in one go on
total 27 285 GAB75 your calculator.
oa . You might need to
Sfx2 = 64875 Sfx = 285 Sf =27 enter the values
64 87.5 285 2 manually for the
2 = —
27 (7] —128.858 02 midpoint of each
= 128.858 02 = 11.35 class interval.
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Exercise @

1

® 2

Given that for a variable x; Sx =24 Sx2=178 n=38
Find:
a the mean b the variance 2 ¢ the standard deiation .

Ten collie daggs are weighed (Wg). The summary data ér the weights is:
Sw =241  Sw?=5905
Use this summary data to nd the standard deviation of the collies’ weights. (2 marks)

Eight students’ heights [icm) are measued. They are as follows:
165 170 190 180 175 185 176 184
a Work out the mean height of the students.
b GivenSh? = 254307 woik out the variance. Show all your working.
¢ Work out the standard deviation.

For a set of 10 numbers: Sx =50 Sx2=310
For a di erent set of 15 numbers: Sx=86  Sx2= 568
Find the mean and the standard deviation of the combined set of 25 numbers.

Nahab asks the students in his year group how Number of £s| 8 9 | 10l 12| 12
much pocket money they get per week. Frequency 121 8| 28] 15| 20
The results, rounded to the nearest pound,
are shown in the table.

a Use your cdculator to work out the mean and standard deviation of the pocket money.

Give units with your answer. (3 marks)
b How many students received an amount of pocket money more than one standard
deviation above the mean? (2 marks)
In a student group a record was kept of the Number of days
number of days of absence each student had | absent 0 : 2 3 4

over one particular term. The results are Frequency 12 | 20| 10| 7 5
shown in the table.

Use your calculator to work out the standard deviation of the number of days absent. (2 marks)

A certain type of machine contained a part thitended to wear out after di erent amounts of
time. The time it took for 50 of the parts to wear out was recorded. The results are shown in the
table.

Lifetime, h (hours) | 5, h<10 10,h<15 15,h<20 20,h<25 25, h<30
Frequency 5 14 23 6 2
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The manufacturer makes the following claim: Problem-solving

90% of the parts tested lasted longer than You need to calculate estimates for the mean

one standard deviation below the mean. and the standard deviation, then estimate the
Comment on the accuracy of the manufacturer's  number of parts that lasted longer than one
claim, giving relevant numerical evidence. standard deviation below the mean.
(5 marks)

@ 8 The daily mean windspeedx (kn) for Leeming is recorded in June 2015. The summary data is:
Sx =243  Sx?=2317

a Use your cdculator to work out the mean and the standard deviation of the daily mean
windspeed in June 2015. (2 marks)

The highest recoded windspeed was 1kn and the lowest recorded windspeed waské.

b Estimate the umber of days in which the windspeed was greater than one standard deviation
above the mean. (2 marks)

c State one assumption gu have made in producing this estimate. (2 mark)

@ Coding

Coding is a way of simplifying statistical calculations. Each data value is coded to make a new set of
data values which are easier to work with.

, QR XHJD P\R X L ©'OX KIWBRFR G YD O XHALQIR U P YORIB! KyLd/%

wherea and b are constants that you have to choose or are given with the question.
When data is coded, di erent statistics change in di erent ways.

X a

If data is coded using the formula 'y = b 509 You usually need to nd the mean
. — X a and standard deviation of the original
the mean of the coded data is given byy = b data given the statistics for the coded
o o data. You can rearrange the formulae as:
the standard deviation o f the coded data is given =i
by =FX, where | is the standard deviation ,=b,

of the original data.

A scientist measures the temperature,®C, a ve di erent points in a nuclear reactor. Her results
are given below:
332°C 355°C 306°C 317°C 340°C

a Use the coding y= %to code this data.

b Calculate the mean and standard deviation of the coded data.
¢ Use your ansver to part b to calculate the mean and standard deviation of the original data.
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igi 2 17 |34
a |Original data, x| 332 355 |306 | 317 |340 When x = 332, y_332 300_3.2.
Coded data,y | 3.2 |55 (0.6 | 1.7 | 4.0 10
b Sy =15, Sy2 =59.74
15 _
=5 -3 .
,_59.74 157 _ » 048 Substitute intoy =X 2and solve 6 nd X
y - - .
5 (s You ould also usex = by + a with a =300, b = 10
,= 2948 =172 (3sf) andy = 3.
c 3=% 3% 50x=30+300=330 °C -
Substitute into =annd solved nd .
—_ _Xx — o
L72= 1050 x~ 17.2°C 3s) You ould also use , =b , with |, =1.72 and

b =10.

From the large data set, data on the maximum gust, g knots, is recorded in Leuchars during May
and June 2015.

5
The data was coded using h E 0 and the following statistics found:

S, = 43.58 h=2 n=61
Calculate the mean and standard deviation of the maximum gust in knots.

g 5 Uselhe formula for the mean of a coded variable:
2= 1 h_=gb—awith a=5andb = 10.

g=2x10+5 =25 knots

.= %z 0.845... Calculate the standard deviation of the coded

g data using = % then use the formuladr
"7 10 the standard deviation of a coded variable:
¢= nx10=8.45knots (3s.f) " =Fgwith b= 10.

Exercise @

1 A set of data values, X, is shown below:
110 90 50 80 30 70 60

a Code the data using the coding = %

b Calculate the mean of the coded data values.
¢ Use your ansver to part b to calculate the mean of the original data.
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A set of daa values, x, is shown below:
52 73 31 73 38 80 17 24

a Code the data using the coding = %

b Calculate the mean of the coded data values.
¢ Use your ansver to part b to calculate the mean of the original data.

The coded mean price of fevisions in a shop was worked out. Using the coding yé206—05

the mean price was 1.5. Find the true mean price dfe televisions. (2 marks)
The coding y= x 40 gives a standard deviation WELSHSEIS® Adding or subtracting
for y of 2.34. constants does not a ect how
Write down the standard deviation of x. spread out the data is, so you can
ignore the * 40’ when nding the

The lifetime, x, in hours, of 70 light bulbs is shown standard deviation for x
in the table.

Lifetime, x (hours) | 20, x<22 |22, x<24 |24, x<26 |26, x<28|28, x<30

Frequency 3 12 40 10 5

The data is coded using y % Problem-solving

Code the midpoints of each class interval.

a Estimate the mean ofthe coded valuey. e R G 22, 3 @ 2 e

of the light bulbs, x. be23 1 _ 44
¢ Estimate the standad deviation of the lifetimes 20 .
of the bulbs.

The wedly income, i, of 100 women workers was recorded.

The data was coded using y %and the following summations were obtained:

Sy =131, Sy?=176.84
Estimate the standard deviation of the actual women workers’ weekly income. (2 marks)

A meteorologist collected data on the annual rainfall, xnm, at six mndomly selected places.

The data was coded using s = 0.01x10 and the following summations were obtained:
Ss =16.1,Ss? = 147.03
Work out an estimate for the standard deviation of the actual annual rainfall. (2 marks)

A teacher standardises the test mks of his class by adding 12 to each one and then reducing
the mark by 20%.

If the standardised marks are represented by t and the original marks by m:
a write down a formula for the coding the teacher has used. (2 mark)
The following summary statistics are calculated for the standardised marks:
n=28 t=528 S,=73
b Calculate the mean and standard deviation of the original marks gained. (3 marks)
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@D 9

From the large data set, the daily mean pressurehpa, in Hurn during June 2015 is recorded.

The data is coded using ¢ % 500 and the following summary statistics are obtained:

n=30 ¢c=10.15 S,.=296.4
Find the mean and standard deviation of the daily mean pressure. (4 marks)

Mixed exercise e

1

2

36

The mean science markof one group of eight students is 65. The mean mark for a second
group of 12 students is 72. Calculate the mean mark for the combined group of 20 students.

The data shavs the prices (x) of six shares on a particular day in the year 2007:

807 967 727 167 207 767
a Code the data using the coding = XW
b Calculate the mean of the coded data values.
¢ Use your ansver to part b to calculate the mean of the original data.

The coded mean of emplgees’ annual earnings (¥) for a store is 18. The coding used was
_ X 720

=000 " Work out the uncoded mean earnings.

Di erent teachers using di erent methods taught two groups of students. Both groups of
students sat the same examination at the end of the course. The students’ marks are shown in
the grouped frequency table.

Exam mark 20-29 | 30-39| 40-49 50-59 60-69 70-79 8089
Frequency group A 1 3 6 6 11 10 8
Frequency group B 1 2 4 13 15 6 3

a Work out an estimate of the mean mark for group A and an estimate of the mean mark for
group B.

b Write down whether or not the answer to a suggests that one method of teaching is better
than the other. Give a reason for your answer.

The lifetimes of 80 bé&eries, to the nearest hour, are shown in the table below.

Lifetime (hours) 6-10 11-15| 16-20[ 21-21 26-30
Frequency 2 10 18 45 5

a Write down the modal class for the lifetime of the batteries.
b Use interpolation to nd the median lifetime of the batteries.

The midpoint of each class is represented by x and its corresponding frequency by f, giving
Sfx = 1645.

¢ Calculate an estimate of the mean lifetime of the batteries.
Another batch of 12 batteries is found to have an estimated mean lifetime of 22.3 hours.
d Estimate the mean lifetimedr all 92 batteries.
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A frequency distribution is shown below.

Class interval 1-20 21-40| 41-60 61-80 81-100
Frequency 5 10 15 12 8

Use interpolation to nd an estimate for the interquartile range.

A frequency distribution is shown below.

Class interval 1-10 11-20| 21-30] 31-4( 41-50
Frequency 10 20 30 24 16

a Use interpolation to estimde the value of the 30th percentile.
b Use interpolation to estimae the value of the 70th percentile.
¢ Hence estimate the 30% to 70% interpegntile range.

The times it took a random sample ofrunners to complete a race are summarised in the table.

Time taken (t minutes) | 20-29 | 30-39| 40-49 50-59 60-69
Frequency 5 10 36 20 9

a Use interpolation to estimde the interquartile range. (3 marks)

The midpoint of each class &s represented by x and its corresponding frequency by f giving:
Sfx =3740  Sfx?=183040

b Estimate the \ariance and standard deviation for this data. (3 marks)

The heights of 50 cleer owers are summarised in the table.

Heightsinmm (x) | 90<x,95 B5<x,100 100 < x,105 |105< x,110 |110< x, 115
Frequency 5 10 26 8 1

a Find Q,. b Find Q.. ¢ Find the interquartile range.
d UseSfx = 5075 and Sx2=516112.5 to nd the standard deviation.

The daily mean tempeature is recorded in Camborne during September 2015.

Temperature, {°C) 11, t<13 | 13,t<15 [15,t<17
Frequency 12 14 4

© Crown Copyright Met O ce
a Use your calculator to nd estimates for the mean and standard deviation of the
tempenatures. (3 marks)
b Use linear interpolation to nd an estimae for the 10% to 90% interpercentile range.(3 marks)

¢ Estimate the umber of days in September 2015 where the daily mean temperature
in Camborne is more than one standard deviation greater than the mean. (2 marks)

The daily mean windspeedyw knots was recorded at Heathrow during May 2015. The data were

coded using z =W23 ;
Summary stdistics were calculated for the coded data:
n=31 Sz =106 S,,=80.55
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a Find the mean and standard deiation of the coded data. (2 marks)

b Work out the mean and standard deviation of the daily mean windspeed at
Heathrow during May 2015. (2 marks)

20 endangereddrest owlets were caught for ringing. Their wingspans @m) were measured to
the nearest centimetre.

The following summary statistics were worked out:

Sx =316 Sx?=5078
a Work out the mean and the standard deviation of the wingspans of the 20 birds.(3 marks)
One more bid was caught. It had a wingspan of 13 centimetres.

b Without doing any further calculation, say how you think this extra wingspan will a ect the
mean wingspan. (2 mark)

20 giant ibises weg also caught for ringing. Their wingspansy(cm) were also measured to the

5
nearest centimetre and the data coded using y:10 .
The following summary statistics were obtained from the coded data:
Sz =104 S,,=1.8

¢ Work out the mean and standard deviation of the wingspans of the giant ibis. (5 marks)

Challenge

A biologist recorded the heights, em, of 20 plant seedlings
She calculated the mean and standard deviation of her results:

X =3.1cm =1.m

The biologist subequently discovered she had written down one
value incorrectly. She replaced a value of &8with a value b
3.2cm.

Calculate the new mean and standard deviation of her data.
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Summary of key points

1
2

3

10

11

12

13

The modeor modal class is the value or class that occurs most o en.

The medianis the middle value when the data values are put in order.

Sx

The meancan be calculated using the formuﬁ=T.

_, Sx
For data gien in a frequency table, the mean can be calculated using the fordeaS—f.

To nd the lower quartile for discrete data, divide n by 4. If this is a whole number, the lower
guartile is halfway between this data point and the one above. If it is not a whole number,
round up and pick this data point.

To nd the upper quartile for discrete data, nd%of n. If this is a whole number, the upper
guartile is halfway between this data point and the one above. If it is not a whole number,
round up and pick this data point.

The lange is the di erence between the largest and smallest values in the data set.

The interquartile range (IQR) is the di erence between the upper quartile and the lower
quartile, @ Q;.

The interpercentile range is the di erence between the values for two given percentiles.

: S 2 2 Sx)?
Variance = x . XY . Sr)]( STX) :%whee S« = S(X Xx)?=Sx? ( r)l()

The standad deviation is the square root of the variance:

S(x XP_ Sx2 Sx °_ S«
A i () =

You can use theseevsions of the formulae for variance and standard deviation for grouped
data that is presented in a frequency table:

,_Sf(x x)?_Sfxz  Sfx 2 Sf(x x)* _ Sfx?  Six

Sf st ( sf) - sf st (sf)
wheref is the frequency ér each group and §is the total frequency.

X a
b

M  WPKIHDROW KFR G HG® WADLHY@\y =

If data is coded using theokrmula 'y =
X a
b

M WK\ QG B YL RWVMLKRG Ho® W\DLH @ =wahere « Is the standard
deviation of the original data.
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Representations
of data

A er completing this chapter you should be able to:

Identify outliers in data sets pages 41-43
Draw and interpret box plots pages 43-45
Draw and interpret cumulative frequency diagrams  pages 46-48
Draw and interpret histograms pages 48-52
Compare two data sets pages 53-54

Prior knowledge check

1 The table shows the number of siblings for
50 year 12 students:

Number of siblings Frequency
0 5
1 8
2 24
3 10
4 3

a Draw a bar chart to show the data.

b Draw a pie chart to show the data.
GCSE Mathematics

2 Work out the interquartile range for this set

of data: Visual representations can help
3,58, 8,9 11,14, 15, 18, 20, 21, 24 to illustrate the key features of
Section 2.3 a data set without the need for

o complicated calculations. Graphs
3 Work out the mean and standard deviation and charts appear all the time in

for this set of data: newspapers and magazines, o en
17,19, 20, 25, 28, 31, 32, 32, 35, 37, 38 stylised to suit the nature of the

Sections 2.1, 2.4 article.




Representations of data

@ Outliers

An outlier is an extreme value that lies outside the overall pattern of the data.

There are a number of di erent ways of calculating outliers, depending on the nature of the data and
the calculations that you are asked to carry out.

A common de nition of an outlier is any value that is: SR O and Qare

either greater than Q3 +Kk(Q; Q1) the rstand third quartiles.
orlessthanQ k(Q; Q,)

In the exam, you will be told which method to use to identify
outliers in data sets, including the value of k.

The blood glucose of 30 females is recorded. The results, in mmol/litre, are shown below:
1.7,22,23,23,25,2.7,3.1,3.2,36,3.7,3.7,3.7,3.8, 3.8, 3.8,
3.8,3.9,3.9,39,4.0,4.0,4.0,4.0,4.4,45,4.6,4.7,4.8,5.0,5.1

An outlier is an observation that falls either 1.5 x interquartile range above the upper quartile or
1.5 x interquartile range below the lower quartile.

a Find the quartiles. b Find any outliers.
.30 _ . _ :
a Qg - 7.5 pick the 8thterm =3.2  ——————— Work out n + 4 and round up. Section 2.2
3(30) . .
Qst —,—=22.5pickthe 23rd term = 4.0 Work out 3n = 4 and round up.  Section 2.2
Q: %: 15 pick the 15.5th term=3.8  =———  Work out n + 2 and go halfway to the next term.

i tion 2.1
b Interquartile range = 4.0 3.2=0.8 Section

Ouitliers are values less than
3.2 15x0.8=2
and greater than 4.0 + 1.5 x 0.8 =5.2

Therefore 1.7 is the only outlier. —_— L .
y 1.7 < 2 so it is an outlier.

Use the de nition of an outlier given in the
guestion.

Example e

The lengths, in cm, of 12 giant African land snails are given below:
17, 18, 18, 19, 20, 20, 20, 20, 21, 23, 24, 32

a Calculate the mean and standard deviation, given that
Notation X is the sum of

X =252 and x 2=15468.
L . . . the data and x2is the sum
b An outlier is an observation which lies +2 standard of the square of each value.

deviations from the mean. Identify any outliers for this data.
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Chapter 3

a Mean= XT: 252 _ 51 0om Use the summary statis'Ficg givep to work out the
12 mean and standard deviation quickly.
X2 _, 5468 )
Variance= — X4 = 12 21
= 14.666...
Standard deviation = 14.666...
=3.83 (3s.f)

Use the de nition of an outlier given in the
question.

b Mean 2 x standard deviation
=21 2x3.83=13.34

Mean + 2 x standard deviation
=21+2x3.83=2866 WELGIREINI® Di erent questions might use
di erent de nitions of outliers. Read the

question carefully before nding any outliers.

32 cm is an outlier.

Sometimes outliers are legitimate values which could still be correct. For example, there really could
be a giant African land snail 32n long.

However, there are occasions when an outlier should be removed from the data since it is clearly an
error and it would be misleading to keep it in. These data values are known as anomalies.

The process of removing anomalies from a data
set is known as cleaning the data. WELCHENS Be areful not to remove
) ) ] data values just because they do not
Anomalies can be the result of experimental or recording t the pattern of the data. You must

error, or could be data values which are not relevant to justify why a value is being removed.
the investigation.

Here is an example where there is a clear anomaly:
Ages of people at a birthday party: 12, 17, 21, 33, 34, 37, 42, 62, 165
X =47 =44.02 X +2 =135.04

The data value recorded as 165 is signi cantly Yau can write 165 135.04 where
higher thanx + 2, so it can be considered an is used to denote ‘much greater tﬁan'

outlier. An age of 165 is impossible, so this value Similarly you can use to denote ‘much less
must be an error. You can clean the data by than.

removing this value before carrying out any

analysis.

Exercise @

1 Some data is collected. Q= 46 and @ = 68.

A value greater than Q + 1.5 x (Q; Q ;) or smallerthan @ 1.5 x (Q3; Q) is dened as an
outlier.

Work out whether the following are outliers using this rule:
a’ b 88 c 105
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Representations of data

2 The masses of ma and female turtles are given in grams. For males, the lower quartile was
4009 and the upper quartile was 58@. For femdes, the lower quartile was 269 and the upper
quartile was 340Qy.

An outlier is an observdion that falls either 1 x (interquartile range) above the upper quartile or
1 x (interquartile range) below the lower quatrtile.

a Which of these male turtle masses would be outliers?

218 The de nition of an outlier

here is di erent from that in
400g  260g 5509 6409 guestion 1. You will be told which

b Which of these female turtle masses would be outliers? rule to use in the exam.
170g 3009 3409 4409
¢ What is the largest mass a male turtle can be without being an outlier?

3 The masses of attic foxes are found and the mean mass was &d. The variance vas 4.2.
An outlier is an observation which lies £2 standard deviations from the mean.
a Which of these arctic fox masses are outliers?
2.4kg 10.1kg 3.7kg 11.5kg
b What are the smallest and largest masses that an arctic fox can be without being an outlier?

@ 4 The ages ofnine people at a children’s birthday party are recorded. x = 92 and X = 1428.

a Calculate the mean and standard deviation of the ages. (3 marks)
An outlier is an observdion which lies +2 standard deviations from the mean.

One of the ages is recorded as 30.

b State with a reason, whether this is an outlier. (2 marks)
¢ Suggest a reason ly this age could be a legitimate data value. (2 mark)

d Given that all nine people were children, clean Problem-solving

the data and recalculate the mean and standard )
(3 marks) A er you clean the data you will need to

deviation.
nd the new values forn x and Xx2

@ Box plots

A box plot can be drawn to represent important features of the data. It shows the quartiles, maximum
and minimum values and any outliers.

A box plot looks like this: Lower Median  Upper

quartile quartlle

. Highest value that is not
Lowest value that is not an .
an outlier, or the boundary

outlier, or the boundary fo—lr :
for outliers

outliers

Outlier

0 10 20 30 40 50 60 marks

Two sets of data can be compared using box plots.
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a Draw a box plot for the data on blood glucose levels of females from Example 1.
The blood glucose level of 30 males is recorded. The results, in mmol/litre, are summarised below:

Lower quartile  =3.6
Upper quartile  =4.7
Median =4.0
Lowest value =14
Highest value =52

An outlier is an obsenation that falls either 1.5x interquartile range above the upper quartile or

1.5x interquartile range below the lower quatrtile.

b Given that there is only one outlier for the males, draw a box plot for this data on the same

diagram as the one for females.

¢ Compare the Bood glucose levels for males and females.

a

Females l I

I I
X
I I

0 1 2 3 4 5 6
Blood glucose level (mmol/litre)

b Ouitliers are values less than
36 15x1.1=1.95
and values greater than
47+15x1.1=6.35
There is 1 outlier, which is 1.4.

Males x

_|

Females x I |

0 1 2 3 4 5 6
Blood glucose level (mmol/litre)

¢ The median blood glucose for females is lower
than the median blood glucose for males.
The intequartile range (the width of the
box) and range for blood glucose are
smaller for the females.

-—
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Explore box plots and

The quartiles and outliers were found in
Example 1. page 41
The outlier is marked with a cross. The lowest
value which is not an outlier is 2.2.

Always use a scale and label it. Remember to give

your box plot a title.

outliers using technology.

The end of the whisker is plotted at the outlier
boundary (in this case 1.95) as we do not know
the actual gure.

Problem-solving

When drawing two box plots, use the same scale
so they can be compared. Remember to give each
a title and label the axis.

When comparing data you should compare a
measure of location and a measure of spread.
You should also write your interpretation in the
context of the question.



® 3 The masses of ma and female turtles are

Exercise @

1 A group of students did a test. The summary data is shown in the table.

Lowest value Lower quartile Median Upper quartile Highest valug

5 21 28 36 58

Given that there were no outliers, draw a box plot to illustrate this data.

2 Here is a ba plot of marks in an examination. Marks in an examination

a Write down the upper and lower quartiles.
b Write down the median.
¢ Work out the interquartile range.
d Work out the range.
Mark

. . . . Females
given in grams. Their masses are summarised

in the box plots.

a Compare and contast the masses of the Maies
male and female turtles.

b A turtle was found to have a mass of 330 grams.

State whether it is likely to be a male or a 0 100 200 300 400

female. Give a reason for your answer. Mass (9)
¢ Write down the size of the largest female turtle.

large data set:

13 17 19 20 21

21 22 23 24 25

25 25 26 26 26

27 29 30 30 30

33 35 38 46 78 © Crown Copyright Met O ce
a Calculate Q, Q, and Q.

quartile or 1.5 x the interquartile range below the lower quartile.
b Show tha 46 and 78 are outliers.
c Draw a box plot for this data.

10 20 30 40 50

60 70

500 600

Representations of data

80

700

Data for the maximum daily gust (in knots) in Camborne in September 1987 is taken from the

(3 marks)
An outlier is de ned as a vdue which lies either 1.5 x the interquartile range above the upper

(1 mark)
(3 marks)
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@ Cumulative frequency

If you are given data in a grouped frequency table, you are not able to nd the exact values of the
median and quartiles. You can draw a cumulative frequency diagram and use it to help nd

estimates for the median, quartiles and percentiles.

The table shows the heights, in metres, of 80 gira es.

a Draw a cumulative frequency diagram.
b Estimate the median height ofthe gira es.

c Estimate the laver quartile and the 90th percentile.

d Draw a box plot to represent this data.

a Add a column to the table to show the
cumulative frequency

Height, h (m) Frequency
46<h,4.8 4
4.8<h,5.0 7
5.0<h,5.2 15
52<h,54 33
54<h,5.6 17
56<h,5.8 4

11+15=26

This represents the number of data values that

are intherange 4.6 <h, 5.4.

The lowest possible value for the height is 46
so plot (4.6, Q)

Plot each point using the upper class boundary for
x and the cumulative frequency for.oordinates
(4.8, 4), (5.0, 11), (5.2, 26), (5.4, 59), (5.6, 76) and
(5.8, 80). Join the points with a smooth curve.

For part b, draw a line across from 40 on the

Cumulative
Height, h Frequenc
cld (m) q y frequency

46<h,4.8 4 4 4+7=11
48<h,5.0 7 11-——r
50<h,5.2 15 26 —
52<h,54 33 59 —
54<h,56 17 76
56<h,5.8 4 80

A
> 80 T
2 . ]
(O]
2 60
()
+ 50 -
(O]
= 40
<
S 30 -
E 20
© 10

0 T T T :

4 4.5 5 55 6
Height,h (m)
b The median is the 40th data point.
An estimate for the median is 5.3 m.

Cc The lower quartile is the 20th data point.
The 90th percentile is the 72nd data point.
An estimate for the lower quartile is 5.15 m.
An estimate for the 90th percentile is
5.52 m.
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cumulative frequency axis and then down to the
height axis.

For part c, draw lines to estimate the lower
quartile and the 90th percentile.

The data is continuous so you do not add 1.
Section 2.2



d Height of giraffes

=

4 45 5 55 6
Height,h (m)

Exercise @

1 The table shows the masses, in kilograms, Mass, m (kg) Frequency
of 120 Coulter pine cones. 10<m. 12 -
a Draw a cumulative frequency diagram for this data. 1.2<m, 1.4 18
b Estimate the median mass 14<m,16 34
¢ Find the interquartile range and the 10th to 90th 16<m,1.8 41
interpercentile range. 1.8<m, 2.0 15
d Draw a box plot to show this data. 20<m,22 5
The table shows the lengths, in cm, of 70 earthworms. Length, | (cm) Frequency
a Draw a cumulative frequency diagram for this data. 6.0<1,6.5 3
b Estimate the median and quartiles 6.5<1,7.0 13
¢ Estimate hov many earthworms are 70<1,75 14
i longer than 8.2cm i shorter than 7.3cm. 75<1,80 26
d Draw a box plot to show this data. 80<I,85 10
8.5<1,9.0 4
The table shows the times taken by 80 men . _ Frequency Frequency
and 80 women to complete a crossword puzzle. | TIMe. t (min) (men) (women)
a Draw cumulative frequency diagrams for 5<t,6 2 3
both sets of data on the same axes. 6<t,7 14 15
b Which gender had the laver median time? 7<t,8 17 21
¢ Which gender had the bigger sgrad of 8<t,9 40 35
times? 9<t,10 7 6

Representations of data

The minimum possible data value is 4.6 and the
maximum possible data value is 5.8. The median
and lower quartile are taken from parts b and c.
The upper quartile is at 5.4.

d The qualifying time for the next round Problem-solving

of a national competition is 7.5 minutes.
Estimate the numbers of men and women
who quali ed for the competition.

To compare spread you could use the interquartile
range or the 10th to 90th percentile range.
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4 A vet measues the masses, in kg, of male and Frequency Frequency
; . Mass, w (kg)

female domestic shorthair cats. Her results (male) (female)

are given in the table. 25<w,3.0 1 5

a Draw cumulative frequency diagrams for 3.0<w,35 12 17
both sets of data on the same axes. 35<w, 4.0 20 32

b Which gender has the grater spread of 40<w,45 27 12
masses? 45<w,5.0 7 4

A female domestic shorthair cat is considered | 5.0<w, 5.5 3 0

underweight if its mass is below 3.Rg.
A male domestic shorthair cat is considered underweight if its mass is below 838

¢ Which gender has fever underweight cats?

@ Histograms

Grouped continuous data can be represented in a histogram.

Generally, a histogram gives a good picture of how the data is distributed. It enables you to see a
rough location, the general shape and how spread out the data is.

In a histogram, the area of the bar is proportional to the frequency in each class. This allows you to
use a histogram to represent grouped data with unequal class intervals.

On a histogram, to calculate the
height of each bar (the frequency

density) use the formula

area of bar =k x frequency. B
k = 1 is the easiest value to ﬁ
use when drawing a histogram. =
If k =1, then g
L frequency w
frequency density = Class width~

Joining the middle of the top of
each bar in a histogram forms a

frequency polygon.

A
90

80
70
60
50
40
30
20
10

0
012 3 45 6 7 8 9 101112 13141516

Length

>

A random sample of 200 students was asked how long it took them to complete their homework

the previous night. The time was recorded and summarised in the table below.

Time, t (minutes) | 25<t, 30

30<t,35

35<t,40 4(

<t,50 50

<t, 80

Frequency 55

39

68

32

6

a Draw a histogram and a frequency polygon to represent the data.

b Estimate hav many students took between 36 and 45 minutes to complete their homework.
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a Time, t Class Frequency
. Frequency . .
(minutes) width density
25<t,30 55 5 11
30<t,35 39 5 7.8
35<t,40 68 5 13.6
40<t,50 32 10 3.2
50<t,80 6 30 0.2
A
14
BEERES
_ _
c
Q) N ——
©
> 8 — -
c
o I
>
g 6 .
LL [ —
4 [ R
2 [ .
- \

O 1 1 1 1 »
10 15 20 25 30 3% 40 4% 50 55 60 65 70 75 80 85

b Shaded area= (40 36) x 13.6 + (45 40) x 3.2
= 70.4 students

36 45

Timet (min)

Representations of data

Frequency density % = 11

Class width=30 25=5

To draw the frequency polygon, join
the middle of the top of each bar of
the histogram.

To estimate the number of students

who spent between 36 and 45

minutes, you need to nd the area
between 36 and 45.

A random sample of daily mean temperatures (T, °C) was taken from the large data set for Hurn
in 2015. The temperatures were summarised in a grouped frequency table and represented by a

histogram.

a Give areason to support the use of a histogram to represent this data.
b Write down the underlying feature associated with each of the bars in a histogram.

On the histogram the rectangle representing the 16 < T, 18 class was Zgh high and 2cm wide.
The frequency for this class was 8.

¢ Show tha each day is represented by an area of @&?.

d Given that the total area under the histogram was 481, nd the total number of days in the

sample.
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Temperature is continuous and the data
were given in a grouped frequency table.

The area of the bar is proportional to the
frequency.

Areaofbar=32x2=6.4
6.4+8=0.8 cn?
There were 60 days in the sample.

Exercise @

1 The data shows the mass, in pounds, of 50 adult
pu er sh.

a Draw a histogram for this data.

b On the same set of aes, draw a frequency polygon.

An area of 6.4m? represents a frequency of 8.

Total number of days x area for one day
= total area under histogram

Mass, m (pounds) Frequency
10<m, 15 4
15<m, 20 12
20<m, 25 23
25<m, 30 8
30<m, 35 3

(P) 2 Some students tak part in an X

obstacle race. The time it took
each student to complete the 16
race was noted. The results are
shown in the histogram. 14
a Give areason to justify the

use of a histogram to 12

represent this data. % 0
The number of students who k5
took between 60 and 70 seconds ? 8
is 90. g

o

b Find the number of students 2 ¢

who took between 40 and

60 seconds. 4
¢ Find the number of students

who took 80 seconds or less. 2
d Calculate the total number

of students who took part 0

40 50

in the race.

50

60 70 80

90
Time (seconds)

100 110 120

WELIII® Frequency density x class

width is always proportionalto frequency
in a histogram, but not necessarily equal
to frequency.



Representations of data

(P) 3 AFun Day committee a a local sports

centre organised a throwing the

cricket ball competition. The distance

thrown by every competitor was

recorded. The histogram shows the

data. The number of competitors

who threw less than 20n was 40.

a Why is a histogram a suitable

Frequency density

diagram to represent this data?

b How many people entered the
competition? 2
¢ Estimate hov many people threw 0
between 30 and 40 metres. 0

d How many people threw between 45 and 65 metres?
e Estimate hov many people threw less than 25 metres.

10 20 30 40 60

Distance (metres)

50

A farmer found the masses of a random A

sample of lambs. The masses were

summarised in a grouped frequency

table and represented by a histogram.

The frequency for the class 28 <m , 32

was 32.

a Show tha 25 small squares on the

histogram represents 8 lambs.

Find the frequency ofthe

24 <m, 26 class.

How many lambs did the farmer

Frequency density

weigh in total?

Estimate the umber of lambs that

had masses between 25 and k§.

0

20 22

24 26 28

Mass, m

30 32 34

Problem-solving

You can use area to solve histogram
problems where no vertical scale is
given. You could also use the information
given in the question to work out a
suitable scale for the vertical axis.
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The partially completed histogram 0
shows the time, in minutes, that
passengers were delayed at an airport. 5, 4
a i Copy and complete the thle. § 3
©
Time, t (min) Frequency ‘:>"
0<t,20 4 g 2
o
20<t, 30 he
30<t,35 15 1
35<t,40 25 .-
g trtrbrn B >
40<t, 50 0 10 20 30 40 50 60 70
50<t,70 Time, t (minutes)
i Copy and complete the histogram. (4 marks)

b Estimate the umber of passengers that were delayed for between 25 and 38 minuté®. marks)

The variable y was measured to the nearest whole number. 60 observations were taken and are
recorded in the table below.

y 10-12 13-14 15-17 18-25
Frequency 6 24 18 12
a Write down the class boundaries for the 13-14 class. (2 mark)

A histogram was drawn and the bar representing the 13-14 class had a width efand a

height of 6cm. s =
. roblem-solvin
For the bar representing the 15-17 class, nd: J
Remember that area is proportional to frequency.

b i the width (2 mark)

ii the height. (2 marks)
From the_ large qlata set, the dgily mean t_emp(_arature Daily mean Frequency
for Leeming during May 2015 is summarised in the table. temperature, t (°C)
A histogram was drawn. The 8 <t , 10 group was 4<t, 8 4
represented by a bar of width tTm and a height of &m. 8< t, 10 )
a Find the width and height of the bar epresenting the 10<t,11 6

11 <t, 12 group. (2 marks) 11<t,12 7

. 12<t,15 5

b Use your cdculator to estimate the mean and

standard deviation of temperatures in Leeming 15<t, 16 L

in May 2015. (3 marks) © Crown Copyright Met O ce

¢ Use linear interpolation to nd an estimate for the lower quartile of temperatures. (2 marks)

d Estimate the rumber of days in May 2015 on which the temperature was higher than
the mean plus one standard deviation. (2 marks)
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Representations of data

@ Comparing data

When comparing data sets you can comment on:

a measure of location a measure of spread

You can compare data using the mean and standard SR Do rot use the median
deviation or using the median and interquartile range. with the standard deviation or the

If thg data set‘contalns extreme values, then the ‘m.edlan mean with the interquartile range.
and interquartile range are more appropriate statistics to use.

From the large data set, the daily mean temperature during August 2015 is recorded at Heathrow
and Leeming.

For Heathrow, x =562.0 and x 2=10301.2.

a Calculate the mean and standard deviation for Heathrow.

For Leeming, the mean temperature was 15°€ with a standard deviation of 2.01°C.
b Compare the daa for the two locations using the information given.

a Mean=562.0+31 =18.12... =18.1 °C
Standard deviation
103012 562.0 °

Usex = XT There are 31 days in August so31.

= = 1.906... Use your calculator to do this calculation in one
31 (31 ] -
step. Round your nal answer to 3 signi cant
=1.91°C @s.f) gures

b The mean daily temperature in Leeming is
lower than in Heathrow and the spread of

. . Compare the mean and standard deviation as a
temperatures is greater than in Heathrow.

measure of location and a measure of spread.

Exercise @ Speeds of cars on motorays

(P) 1 The box plots show the distribution of speeds Motorw ay A

of cars on two motorways.

Compare the distributions of the speeds on Motorw ay B
the two motorways.

55 60 65 70 75 80 85 90
Speed (mph)

@ 2 Two classes of primary school children complete n X X 2
a puzzle. Summary statistics for the times, Class 2B 20 650 22000
in minutes, the children took are shown in the table.

Class 2F 22 598 19100

Calculate the mean and standard deviation of the
times and compare the distributions.
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(P) 3 The cumuldive frequency diagram
shows the distribution of heights of 901
80 boys and 80 girls in a basketball club. ~ Z 8]
Compare the heights of boys and girls % 0
in the club. g &0
2 50
8 401
>
E 30
© 204 girls boys
101

120 130 140 150 160 170 180 190
Height (cm)

@ 4 A sample of the daily maximum relative humidity is taken from the large data set for Leuchars

and for Camborne during 2015. The data is given in the table.

Leuchars | 100| 98 | 100 100 100 10p 100 100 94 1p0O 91 100 100 (89 (100
Camborne| 92 | 95| 99| 96| 100 100 90 98 81 99 100 99 91 98 100

© Crown Copyright Met O ce
a Find the median and quartiles for both samples (4 marks)
b Compare the two samples. (2 marks)

Large data set

You will need access to the large data set and spreadsheet so ware to
answer this question. Look at the data on daily mean windspeed in Hurn
in 1987 and in 2015. :
2% You can use the MODE

function in a spreadsheet to
a the mean b the mode ¢ the standard deviation. nd the modal value from a

2 Canpare the daily mean windspeeds in Hurn in 1987 and 2015. range of cells.

1 Fa each year, calculate:

Mixed exercise e

1 Jason and Perdita decided to go on a touring holiday on the continent for the whole of July.
They recorded the distance they travelled, in kilometres, each day:

155, 164, 168, 169, 173, 175, 177, 178, 178, 178, 179, 179, 179, 184, 184, 185,
185, 188, 192, 193, 194, 195, 195, 196, 204, 207, 208, 209, 211, 212, 226

a Find Q4, Q,and @

Outliers are values that lie outside @ 1.5(Q; Q) and Q;+ 1.5(Q; Q ,).
b Find any outliers.

¢ Draw a box plot of this data.
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Representations of data

® 2 Fell runners from the Esk Club and the Irt Club were keen to see which club had the faster
runners overall. They decided that all the members from both clubs would take part in a fell run.
The time each runner took to complete the run was recorded.

The results are summarised in the box plot.

Esk

Irt

25 30 35 40 45 50 55 60 65 70 75 80
Time (min)
Write down the time by which 50% of the Esk Club runners had completed the run.
Write down the time by which 75% of the Irt Club runners had completed the run.
Explain what is meant by the cross (x) on the Esk Club box plot.
Compare and contast these two box plots.

What conclusions can you draw from this information about which club has the faster
runners?

f Give one advantage and one disadvantage of comparing distributions using box plots.

®© O O T 9

(P) 3 The table shows the lengths, in cm, of 60 honey badgers. Length, x (cm) Frequency
a Draw a cumulative frequency diagram for this data. 50 <x, 55 2
b Find the median length of a honey badger 55< x , 60 7
¢ Find the interquartile range. 60< X, 65 15

65<x, 70 31
70<x,75 5
This diagram shows the distribution of lengths
of European badgers.
o 60-
d Compare the distrikutions of lengths of
honey badgers and European badgers. 50
~. 50
e Comment on the suitability of using §
cumulative frequency diagrams to % 401
compare these distributions. =
=
8 301
>
g
O 20-
10-
O T T T
50 60 70 80

Length, x (cm)
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The histogram shows the time taken by a group of 58 girls
to run a measured distance.

a Work out the number of girls who took longer than
56 seconds.

b Estimate the number of girls who took between
52 and 55 seconds.

Frequency density

0 >
50 52 54 5658 60 62 64
Time (seconds)

The table gives the distances travelled to school,
in km, of the population of children in a particular
region of the United Kingdom.

0<d,1
2565

1<d,2
1784

p<d,3
1170

3|I<d,5 5¢<

756

d, 10
630

Distance, d (km) 10<d

Number

135

A histogram of this data was drawn with distance along the horizontal axis. A bar of horizontal
width 1.5cm and height 5.m represented the 81km group.

Find the widths and heights, in cm, to one decimal place, of the bars representing the following
groups:

az2<d,3 b 5<d,10 (5 marks)
The labdling on bags of garden compost indicates Mass, m (kg) Frequency
that the bags have a mass of Q. 146<m . 14.8 1
The masses of random sample of 50 bags are 14.8<m . 18.0 0
summarised in the table opposite. 180<m. 185 5
a On graph paper, draw a histogram of this data. 18.5<m ., 20.0 6
b Estimate the mean and standat deviation of the 20.0<m, 20.2 22

mass of a bag of compost. 202<m . 204 15
[You may use fy =988.85, fy 2=19602.84] 20.4<m,21.0 1

¢ Using linear interpolation, estimae the median.

The number of bags of potato crisps sold per day in a bar was recorded over a two-week period.
The results are shown below.

20 15 10 30 33 40
a Calculate the mean of this data.
b Find the median and the quartiles of this d&a.

5 11 13 20 25 42 31 17

An outlier is an observation that falls either 1.5 x (interquartile range) above the upper quartile
or 1.5 x (interquartile range) below the lower quatrtile.

c Determine whether or not any items of data are outliers.
d On graph paper draw a box plot to represent this data. Show your scale clearly.
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Representations of data

From the large data set, the daily maximum gust (knots) Daily maximum
is measured at Hurn throughout May and June 2015. gust, g (knots) Frequency
The data is summarised in the table. 10<g,15 3
A histogram is drawn to represent this data. The bar 15<g, 18 9
representing the 10 < g, 15 class is 2.&8m wide and 18<g, 20 9
1.8cm high. 20<g, 25 20
a Give a reason to support the use of a histogram 25<g, 30 9
to represent this data. (1 mark) 30<g, 50 7
b Calculate the width and height of the bar © Crown Copyright Met O ce
representing the 18 < g, 20 class. (3 marks)
c Use your cdculator to estimate the mean and standard deviation of the maximum gusts.
(3 marks)
d Use linear interpolation to nd an estimae for the number of days the maximum gust was
within one standard deviation of the mean. (4 marks)
From the large data set, data was Min Max Median X X 2
gathered in September 1987 and 1987 | 7.0 17.0 11.85 | 356.1| 4408.9
in September 2015 for the 2015 | 10.1 14.1 120 | 364.1| 4450.2

mean daily temperature in
Leuchars. Summary statistics are given in the table.

a Calculate the mean of the mean daily temperatures in each of the two years. (2 marks)
b In 2015, the standard deiation was 1.02. Compare the mean daily temperatures in
the two years. (2 marks)

¢ Arecorded temperature is considered ‘normal’ for the time of year if it is within one standard
deviation of the mean. Estimate for how many days in September 2015 a ‘normal’ mean daily
temperature was recorded. State one assumption you have made in making the
estimate. (3 marks)

Challenge

The table shows the lengths of the Ims in a Im festival, to the
nearest minute.

Length (min) | Frequency
70-89 4
90-99 17

100-109 20
110-139 9
140-179 2

A hstogram is drawn to represent the data, and the bar representing the
90-99 class is @ higher than the bar representing the 70—89 class.

Find the height of the bar representing the 110-139 class.
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Chapter 3

Summary of key points

1 A common de nition of an outlier is any value that is:

MH L WXBHDOWWWHKBD, @ k(Q; Q1)
M RIWWKB XK(Q;3 Qi)
2 The proess of removing anomalies from a data set is known as cleaning the data.
3 On a histogam, to calculate the height of each bar (the frequency density) use the formula
area of bar = k x frequency.
4 Joining the middle bthe top of each bar in a histogram forms a frequency polygon.

5 When comjaring data sets you can comment on:
M PHDXBRMRFDWLRQ
M BHDX BN SHD G

58



Correlation

A er completing this chapter you should be able to:

Draw and interpret scatter diagrams for bivariate datapages 60 61

Interpret correlation and understand that it does not

imply causation

pages 61 62

Interpret the coe cients of a regression line equation for

bivariate data

pages 63 64

Understand when you can use egression line to make

predictions

Prior knowledge check

1 The table shows the scores out of 10 on a maths

test and on a physics test for 7 students.
Maths 6| 7| 7| 8| 9| 9| 10
Physics | 9 | 7| 6| 7| 5| 4| 5

Show this information on a scatter diagram.
GCSE Mathematics

2 A straight line has equationy = 0.34 3.21x.
Write down

a the gradient d the line
b the y-intercept of the line
GCSE Mathematics

pages 64 66

Climate scientists have demonstrated
a strong correlation between
greenhouse gas emissions and rising
atmospheric temperatures.

Mixed exercise Q2



@ Correlation

Bivariate data is data which has pairs of values for two variables.

You can represent bivariate data on a scatter diagram. This scatter diagram shows the results from
an experiment on how breath rate a ects pulse rate:

A

100 Each cross represents a data point. This subject
" X had a breath rate of 32 breaths per minute and a
§ 2 80 XX X pulse rate of 89 beats per minute.
o C

= X
o £ . . .
2 o X The researcher could control this variable. It is
T8 60 ux XX ; _
o X called the independent or explanatory variable.
I It is usually plotted on the horizontal axis.
40 >

15 20 25 30 35

. The researcher measured this variable. It is
Breaths per minute

called the dependent or response variable. It is
usually plotted on the vertical axis.

The two di erent variables in a set of bivariate
data are o en related.

Correlation describes the nature of the linear relationship between two variables.

y y y
XX X>>§X
X)§< X X x
X6 X X X Xx
X
& 3 3
0] X (@] X (@] X (@) X
Strong negative Weak negative No (or zero) Weak positive Strong positive
correlation correlation linear correlation correlation correlation

For negatively correlated variables, when one variable increases

the other decreases. Youshould only
use correlation to describe data
that shows a linear relationship.
Variables with no linear
correlation could still show a
non-linear relationship.

For positively correlated variables, when one variable increases,
the other also increases.

In the study of a city, the population density, in people/hectare, and the distance from the city
centre, in km, was investigated by picking a number of sample areas with the following results.

Area A B C D E F G H I J
Distance (km) 0.6 3.8 2.4 3.0 2.0 15 1.8 3.4 4.0 0.9

Population density
(people/hectare)

50 22 14 20 33 47 25 8 16 38

a Draw a scatter diagram to represent this data.
b Describe the corréation between distance and population density.
¢ Interpret your answer to part b.
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Correlation

a Scatter diagram of population
density and distance from centre
A

%@ 60 + There are ten data points, so check that there are
S % 504 X o ten crosses on your scatter diagram.
22 40 4 X Make sure that you include units with your axis
2 © 30 A labels
T X :
S 9 20- XX
Q@ X
2L 10- x . .

0 X Describe the strength of the correlation as well as

whether it is negative or positive.

Problem-solving

c As distance from the centre increases, the Make sure you interpret results in the context of
population density decreases. the question.

o 1 2 3 4 5
Distance from centre (km)

b There is weak negative correlation.

Two variables have a causal relationship if a change in one variable causes a change in the other. Just
because two variables show correlation it does not necessarily mean that they have a causal relationship.

When two variables are correlated, you need to consider the context of the question and use
your common sense to determine whether they have a causal relationship.

Hourly pay at age 25
Example e P
20

Hideko was interested to see if there was a relationship between 18
what people earn and the age at which they left education or
training. She asked 14 friends to Il in an anonymous questionnaire
and recorded her results in a scatter diagram.

a Describe the type of corelation shown.

Hideko says that her data supports the conclusion that more
education causes people to earn a lower hourly rate of pay.

Hourly pay (£)
=
N

8
6
4
2
0 >
15161718192021222324 @

Age atwhich education or
training ended

b Give one reason why Hideko’s conclusion might not be valid.

a Weak negative correlation.

b Respondents who left education later would have
signi cantly less work experience than those who
left education earlier. This could be the cause of
the reduced income shown in her results.

Exercise @

You could also say that Hideko’s conclusion
is not valid because she used a small,
opportunistic sample. Section 1.1

1 Some research was done into the e ectiveness of a weight-reducing =4
drug. Sesen people recorded their weight loss and this was compared 2
with the length of time for which they had been treated. A scatter =
diagram was drawn to represent this data. Q
a Describe the type of corelation shown by the scatter diagram. - >

. . Length of treatment
b Interpret the correlation in context.
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The average temperature and rainfall were collected for a B A

number of cities around the world. £ 250
The scatter diagram shows this information. g 200
. . 'S 150
a Describe the corréation between average temperature Y 100
and average rainfall. g 5

(O]

b Comment on the claim that hotter cities hee less rainfall. Z

0 >
10 15 20 25 30 35
Average temperature (°C)

Eight students wee asked to estimate the mass of a bag of sweets in grams. First they were
asked to estimate the mass without touching the bag and then they were told to pick the bag up
and estimate the mass again. The results are shown in the table below.

Student A B C D E F G H
Estimate of mass not touching bag (g) 25 18 32 27 21 35 28 30
Estimate of mass holding bag (g) 16 11 20 17 15 26 22 20

a Draw a scatter diagram to represent this data.
b Describe and interpret the corelation between the two variables.

Donal was interested to see whether there was a relationship between the value of a house and
the speed of its internet connection, as measured by the time taken to download a 100 megabyte
le. The table shows his results.

Time taken (s) 5.2 5.5 5.8 6.0 6.8 8.3 9.3 13] 136 16/0
House value (E1000s)] 300 | 310| 270( 200 230 20% 208 235 175 180

a Draw a scatter diagram to represent this data.

b Describe the type of corelation shown.

Donal says that his data shows that a slow internet connection reduces the value of a house.
¢ Give one reason why Donal’s conclusion may not be valid.

The table shows the daily total rainfall, rmm, and daily tota hours of sunshine, s, in Leuchars
for a random sample of 11 days in August 1987, from the large data set.

r 0 6.8 0.9 4.8 0 21.7 1.7 4.9 0.1 2.2 0.1
S 8.4 4.9 10.2 4.5 3.3 3.9 5.4 1.8 9.7 1 4.6

© Crown Copyright Met O ce
The median and quartiles for the rainfall data are: Q; =0.1 Q,=1.7 Q;=4.85

An outlier is de ned as a value which lies either 1.5 x the interquartile range above the upper
quartile or 1.5 x the interquartile range below the lower quartile.

a Show tha r = 21.7 is an outlier. (2 mark)
b Give a reason why you might:

i include i exclude this day’s readings. (2 marks)
¢ Exclude this dg/’s readings and draw a scatter diagram to represent the data for the

remaining ten days. (3 marks)
d Describe the corréation between rainfall and hours of sunshine. (1 mark)
e Do you think there is a causal relationship between the amount of rain and the

hours of sunshine on a particular day? Explain your reasoning. (1 mark)



Correlation

@ Linear regession

When a scatter diagram shows correlation, you can draw a :
) o : ' : Notation
line of best t. This is a linear model that approximates - UL [ ST

the relationship between the variables. One type of line of best
t that is useful in statistics is a least squares regression line.
This is the straight line that minimises the sum of the squares
of the distances of each data point from the line.

regression line is usually just
called the regression line.

There are 4 data points on this scatter diagram.

YA
(X3, Y5) — The regression line of onX is the straight line that
(X0, 1) ds minimises the value oél,2 +d,2 +d,2 +d,2 In general,
vt d, if each data point is a distance from the line, the
dy g (Xas Ya) regression line minimises the value ofd3.
N

(X1 o) The point &,, Y,) is a vertical distancé, from the line.

»

O X

The regression line of y on X is written in the R ® Tre order of the

form y =a+bx. variables is important. The regression

You can use a calculator to nd the values of the coe cients line ofy onX will be di erent from
a andb for a given set of bivariate data. You will not be the regression line ok ony.
required to do this in your exam.
The coe cient b tells you the change in y for each unit change in X.
If the data is positiv ely correlated, b will be positive.
If the data is negatively c orrelated, b will be negative.

From the large data set, the daily mean windspeed, w knots, and the daily maximum gust, g knots,
were recorded for the rst 15 days in May in Camborne in 2015.

w 14 | 13| 13 9 18| 18 7 15 10 14 11 9 8 10 1
g 33 | 37| 29| 23| 43| 38| 17| 30 28 29 D 28 21 28 20

N

© Crown Copyright Met O ce
The data was plotted on a scatter diagram:

A a Describe the corréation between daily mean windspeed and
daily maximum gust.

The equation of the regression line of g on w for these 15 days is
g=7.23+1.82w.

10 b Give an interpretation of the value of the gradient of this
regression line.

A O
o O

N
o

Daily maximum gust,
g (knots)
w
o

0 >
0 5 10 15 20
Daily mean windspeed,

w (knots)

¢ Justify the use ofa linear regression line in this instance.
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a There is a strong positive correlation =l (e reat N

between daily mean windspeed and daily line and analysis using technology.
maximum gust.

Make sure your interpretation refers to both the
context and your numerical value of the gradient.
Try to phrase your answer as a complete, clear
sentence.

¢ The correlation suggests that there is a Problem-solving

linear relationship betweeng and w so a o ;
A regression line is a valid model when the

linear regression line is a suitable model. : )
data shows linear correlation. The stronger the
correlation, the more accurately the regression
line will model the data.

b If the daily mean windspeed increases by
10 knots the daily maximum gust increases
by approximately 18 knots.

If you know a value of the independent variable from a bivariate data set, you can use the regression
line to make a prediction or estimate of the corresponding value of the dependent variable.

You should only use the regression line to make Thisis called interpolation.
predictions for values of the dependent variable Making a prediction based on a value
that are within the range of the given data. outside the range of the given data is

called extrapolation, and gives a much

less reliable estimate.
Example e

The head circumference, gm, and gestation periodx weeks, for a random sample of eight
newborn babies at a clinic were recorded.

w
ol

Gestation period (x weeks) | 36 40 33 37 40 39 38
Head circumferenceycm) | 30.0 | 35.0 | 29.8| 325 33.2] 321 309 33p

The scatter graph shows the results. g A

The equation of the regression line of y on x isy = 8.91 + 0.624x. 3 % 22

The regression equation is used to estimate the head circumferencef & 32

of a baby born at 39 weeks and a baby born at 30 weeks. % 30

a Comment on the rdiability of these estimates. E 2830 32 34 36 38 40 42
A nurse wants to estimate the gestation period for a baby born Gestation period (weeks)

with a head circumference of 31.6m.
b Explain why the regression equation given above is not suitable for this estimate.

a The prediction for 39 weeks is within the You could also comment on the sample.
range of the data (interpolation) so is more The sample was randomly chosen which would
likely to be accurate. improve the accuracy of the predictions, but
the sample size is small which would reduce the
accuracy of the predictions.

The prediction for 30 weeks is outside the
range of the data (extrapolation) so is less
likely to be accurate.

64



Correlation

b The independent (explanatory) variable in Yau should only make predictions for
this model is the gestation period, X. You the dependent variable. If you needed to predict a
should not use this model to predict a value ofx for a given value of you would need to
value ofX for a given value of y. use the regression line of ony.

Exercise @

1 An accountant monitors the number ofitems produced per month by a company together with
the total production costs. The table shows this data.

Number of items, n (1000s) | 21 | 39 | 48| 24| 72| 75/ 15 35 62 81 12 56
Production costs, p (E1000s) | 40 | 58 | 67| 45| 89| 96/ 37/ 53 83 102 3

OT
~
(63

a Draw a scatter diagram to represent this data.

The equdion of the regression line of ponnis p =21.0 + 0.98n.

b Draw the regression line on your scatter diagram.

¢ Interpret the meaning ofthe gures 21.0 and 0.98.

The company expects to produce ™00 items in Jungand 95000 items in Ju.

d Comment on the suitability of this regression line equation to predict the production costs in
each of these months.

The rdationship between the number of coats of paint applied Coats of | Protection
to a boat and the resulting weather resistance was tested in a paint (x) | (years) )
laboratory. The data collected is shown in the table. 1 4.4
a Draw a scatter diagram to represent this data. 2 5.9
The equation of the regression line isy = 2.93 + 1.45x. 3 7.1
Helen says that a gradient of 1.45 means that if 10 coats of paint 4 8.8
are applied the protection will last 14.5 years. 5 10.2

b Comment on Helers statement.

The table shows the ages of some chickens and the number of eggs that they laid in a month.

Age of chicken, a (months) 18 32 44 60 71 79 99| 109 118 140
Number of eggs laid in a month, n 16 18 13 7 12 7 11 13 6 9

a Draw a scatter diagram to show this information.
Robin calculates the regression line of nonaas n=16.1 + 0.063a.
b Without further calculation, explain why Robin’s regression equation is incorrect.

Aisha collected data on the ombers of bedrooms, x, and the values, y (£1000s), of the houses in
her village. She calculates the regression equation of y on x to be y = 190 + 50x.

She states that the value of the constant in her regression equation means that a house with no
bedrooms in her village would be worth £19000. Explain wty this is not a reasonable
statement.
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@ 5 The table shows the daily maximum relative humidity, {%), and the daily mean visibility, v
decametres (Dm), in Heathrow for the rst two weeks in September 2015, from the large data set.

h 94 95

92

80

97

94

93

90

87

95 93

92 oL 98

v | 2600| 2900

390(

430

D 280

0

2400 2700

3500 3

D00 2200

4

200 (3300 |2800 | 2200

The equation of the regression line of von hisv =¥P0 106h
a Give an interpretation of the value of the gradient of the regression line.
b Use your knowledge of the large data set to explain whether there is likely to be a

causal relationship between humidity and visibility.

© Crown Copyright Met O ce

(2 mark)

(2 marks)

¢ Give reasons why it would not be reliable to use this regression equation to predict:

i the mean visibility on a day with 100% humidity

i the humidity on a day with visibility of 3000dm.
d State two ways in which better use could be made of the large data set to produce a
model describing the relationship between humidity and visibility.

Mixed exercise o

(2 marks)
(2 marks)

(2 marks)

1 A survey of British towns recorded the number of serious road accidents in a week (x) in each
town, together with the number of fast food restaurantsy). The dada showed a strong positive
correlation. Katie states that this shows that building more fast food restaurants in her town will
cause more serious road accidents. Explain whether the data supports Katie's statement.

2 The following table shows the mean C@Oconcentration in the atmosphere, ¢ (ppm), and the
increase in average temperature compared to the 30-year period 1951-1980, t (°C).

Year 2015 | 2013| 2011 2009 200F 2005 2003 2001 1999 1P97 1995 1994
c(ppm)| 401 | 397 | 392| 387 384 381 376 371 368 363 3p1 357
t (°C) 086 | 0.65| 0.59| 0.64/ 063 068 061 03954 041 047 045 024

Source: Earth System Research Laboratory (CQlata); GISS Surface Temperature Analysis, NASA (temperature data)
a Draw a scatter diagram to represent this data.
b Describe the corréation between c and t.
c Interpret your answer to part b.

@ 3 The table below shows the packing times for a particular employee for a random sample of
orders in a mail order company.

Number of items (n)| 2 3 3 4 5 5 6 7 8 8 8 9 11 13
Time (t min) 11| 14| 16| 16| 19| 21 23 25 24 2y 28 30 35 42
A scatter diagram was drawn to represent the data. 50"‘
a Describe the corréation between number of items packed ’g 40

and time taken. (1 mark) = 30
The equation of the regression line of ton nis t = 6.3 + 2.64n. £20 -

. . . = H
b Give an interpretation of the value 2.64. (2 mark) 10 -
0" >
0 5 1015
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Energy consumption is claimed to be a good pdictor of Gross National Product.
An economist recorded the energy consumption (x) and the Gross National Producg)(for eight
countries. The data is shown in the table.

Energy consumption (x) 34 | 7.7 | 120 75 58 67| 113 131
Gross National Product y) 55 | 240 | 390| 1100 1390 1330 1400 19p0

The equation of the regression line of y on x isy = 225 + 12.9x.

The economist uses this regression equation to estimate the energy consumption of a country
with a Gross National Product of 3500.

Give two reasons why this may not be a valid estimate. (2 marks)
The table shows average monthly temperature, t (°C), and the number of pairs of gloves,
g, a shop sells each month.

t(°C)| 6 6 50| 10| 13| 16| 18| 19 19 17 9
g 81 | 58| 50| 42| 19| 21 4 2 20 33 58  6b

The following statistics were calculated for the data on temperature:
mean = 15.2, standard deviation = 11.4

An outlier is an observation which lies +2 standard deviations from the mean.

a Show tha t =50 is an outlier. (1 mark)
b Give a reason whether or not this outlier should be omitted from the data. (2 mark)
The equation of the regression line of t on g for the remaining data ist = 18.4 — 0.18g.

c Give an interpretation of the value 0.18 in this regression equation. (1 mark)

James placed di eent masses (m) on a spring and measured the resulting length of the spring (s)
in centimetres. The smallest mass was @@nd the largest mass &as 100g.

He found the equdion of the regression line of s on mto be s =44 + 0.2m.

a Interpret the values 44 and 0.2 in this context. (2 marks)
b Explain why it would not be sensible to use the regression equation to work out:

i the vdue of s when m =150 i the vdue of m when s = 60. (2 marks)
A student is investigating the relationship Chocolate brand| x (% cocoa) y (pence)
between the price ¥ pence) of100g of A 10 35
chocolae and the percentage (x%) of B 20 55
cocoa solids in the chocolate. C 30 40
The data obtained is shown in the table. D 35 100

. E 40 60

a Draw a scatter diagram to represent S =0 90

this datg. o (2 marks) G 60 110
The equation of the regression line of H 70 130

yonxisy=17.0 + 1.54x.
b Draw the regression line on your diagram. (2 marks)

The student beliges that one brand of chocolate is overpriced and uses the regression line to
suggest a fair price for this brand.

c Suggest, with a reason, ich brand is overpriced. (2 mark)
d Comment on the vdidity of the student’s method for suggesting a fair price. (2 mark)
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Large data set

You will need access to the large data set and spreadsheet so ware to answer
these questions.

1

Investigate the relationship between daily mean windspe&g,and daily

maximum gustg, in Leeming in 2015.

a Draw a scatter diagram oiv againstg for the entire data set for
Leeming in 2015.

b Describe the correlation shown.

¢ Camment on whether there is likely to be a causal relationship between
mean windspeed and maximum gust. .

The equation of the regression line gfonw is given byg = 4.97 + 2.1%.

d Use the equation of the regression line to predict the maximum gust on
a day when the mean windspeed is:
i 05 knots i 5 knots iii 12knots iv 40 knots.

e Canmment on the accuracy of each prediction in part d

f Cdculate the equation of the regression line @f ong, and use it to
predict the mean windspeed on a day when the maximum gust was
30 knots.

You can use the
S.OPE and INTERCEPT
functions in some
spreadsheets to nd

the values ofa andb in

a regression equation.

Use a similar approach to investigate the daily total sunshine and daily

mean total cloud cover in Heathrow in 1987.

a Use aregression model to suggest values for the missing total sunshine
data in the rst half of May.

b Do you think there is a causal relationship between these two variables?
Give a reason for your answer.

Summary of key points

1
2
3
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Bivariate data is data which has pairs of values for two variables.
Correlation describes the nature of the linear relationship between two variables.

When two variables are correlated, you need to consider the context of the question and use
your common sense to determine whether they have a causal relationship.

Theregression line of y on x is written in the form y = a + bx.

The coe cient b tells you the change in y for each unit change in x.
M WKID WBR L W IER HON O Willbeélgdsitive.
M WKID W®OH JHWRY U H O WiWeiregative.

You shoud only use the regression line to make predictions for values of the dependent
variable that are within the range of the given data.



Probabillity

A er completing this chapter you should be able to:
Catulate probabilities for single events pages 70-72
Draw and interpret Venn diagrams pages 72-75

Understand mutually &clusive and independent
events, and determine whether two events are
independent pages 75-78

Use and understand &e diagrams pages 78-80

Prior knowledge check

1 A bag contains three red balls, four yellow
balls and two blue balls. A ball is chosen
at random from the bag. Write down the
probability that the ball is:

a blue b yellow
c not red d green.
G CSE Mathematics

2 Three coins are ipped. Write down all the
possible outcomes.  GCSE Mathematics

3 Poppy rolls a dice. She keeps rolling until
she olls a 6. Work out the probability that
Poppy rolls the dice:

a exactly three times
b fewer than three times

Sports teams use past performance to
estimate probabilities and plan strategies.
In so ball and baseball, a player’s batting
average is an estimate of the probability that ¢ more than thiee times.

they will make a hit. Mixed exercise Q2 G CSE Mathematics



@ Calculating probabilities

If you want to predict the chance of something happening, you use probability.

An experiment is a repeatable process that gives rise to a number of outcomes.
An event is a collection of one or more outcomes.
A sample space is the set of all possible outcomes.

Where outcomes are equally likely the probability of an event is the number of outcomes in the
event divided by the total number of possible outcomes.

All events have probability between 0 (impossible) and 1 (certain). Probabilities are usually written as
fractions or decimals.

Two fair spinners each have four sectors numbered 1 to 4. The two spinners are spun together and
the sum of the numbers indicated on each spinner is recorded.

Find the probability of the spinners indicating
a sum of: Draw a sample space diagram showing all

a exacty 5 b more than 5. possible outcomes.

A There are 4 x 4 = 16 points. Each of these points

4 - is equally likely as the spinners are fair.
N
3 31
E 5. There are 4 outcomes for part a.
Q.
2 |

14

———> There are four 5s and 16 outcomes altogether.

Spinner 1 P() is short br ‘probability of’. The answer P(5)
T can also be written as 0.25.

_4_1
AP =167 2
6 3 There are six sums more than 5 for this part
b Pforethanb) ==+ .
16 8 | (shaded blue). They form the top right corner of
the diagram.

The answer can also be written as 0.375.

The table shows the times taken, in minutes, for a group of students to complete a number puzzle.

Time, t (min) E<t<? 7<t<9 9<t<11 11<t<13 13<t<15
Frequency 6 13 12 5 4

A student is chosen at random. Find the probability that they nished the number puzzle:
a in under 9 minutes b in over 10.5 minutes.
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There are 40 students overall.
40 6 + 13 =19 nished in under 9 minutes.

a P(nished in under 9 minutes) =19

b 3+5+4=12
J

P( nished in over 10.5 minutes) _12_ 3 Problem-solving

40 10 i . . .
Use interpolation: 10.5 minutes Il%of the way
through the 9 <t < 11 class, sg of 12 is 3.

Your answer is an estimate because you don’t
know the exact number of students who took
longer than 10.5 seconds.

Exercise @

1

2

® 3

Two coins are tossed. Find the probability of both coins showing the same outcome.

Two six-sided dice are thrown and their product, X, is recorded.
a Draw a sample space diagram showing all the possible outcomes of this experiment.
b Find the probability of each event:

i X=24 i X<5 i Xis even.
The masses of 140 adult Bullmasti s a recorded in a table. Mass, m (kg) Frequency
One dog is chosen at random. 45<m<48 17
a Find the probability that the dog has a mass of 5kg 48<m<51 25
or more. 51<m<54 42
b Find the probability that the dog has a mass between 54 <m <57 33
48kg and 57kg. 57<m<60 21
The probability that a Rottweiler chosen at random has 60<m<63 2
a mass under 58g is 0.54.
¢ lIs it more or less lilely that a Bullmasti chosen at random has a

mass under 5&g? State one assumption thayou have made in

. . Use interpolation.
making your decision.

The lengths, in cm, 0f240 koalas are recorded Length, | | Frequency| Frequency

in a table. (cm) (male) (female)

One koala is chosen at random. 65<1<70 4 14

a Find the probability that the koala is female. 70<1<75 20 15

b Find the probability that the koala is less than 75<1<80 24 32
80cm long. 80<1<85 47 27

¢ Find the probability that the koala is a male 85<1<90 31 26

between 7£m and 85m long.
Koalas under 7Zm long are c#led juvenile.

d Estimate the pobability that a koala chosen at random is juvenile. State one assumption you
have made in making your estimate.
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5 The histogram shows the distribution of 2 50

masses, in kg, of 70 adult cats. § 40

a Find the probability that a cat chosen 3 30
at random has a mass more thang. g 20

(2 marks) E 10 = :

b Estimate the pobability that a cat s 4 s & 7 8 9
chosen at random has a mass less Mass (kg)
than 6.5kg. (3 marks)

Challenge

Samira picks one card at random from group A and A B
one card at random from group B

She records the product, \of the two cards as the

result of her experiment. Given that x is an integer and tha¥R§ even) = P{ > 20),
nd the possible values of x

@ Venn diagrams

A Venn diagram can be used to represent events graphically. Frequencies or probabilities
can be plaed in the regions of the Venn diagram.

Venn diagrams are named a er the English mathematician S
John Venn (1834-1923).
A rectangle represents the sample space, S, and it contains
closed curves that represent events.
For events A and B in a sample space S:
1 The event Aand B 2 The eventA or B 3 The evennot A
S S
A B A B
This event is also called the This event is also called the This event is also called the
intersection of A and B It union of A and B. complement of A. It represents
represents the event that both It represents the event that the event that A does not occur.
A and Boccur. either A or B, or both, occur. P(notA) =1 P(A)

You can write numbers of outcomes (frequencies) or the probability of the events in a Venn diagram
to help solve problems.

In a class of 30 students, 7 are in the choir, 5 are in the school band and 2 are in the choir and the
band. A student is chosen at random from the class.
a Draw a Venn diagram to represent this information.
b Find the probability that:
i the student is not in the band il the student is not in the choir or the band.
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2
ﬁJ Put the number in both the choir and the band in

the intersection of B and C.
20

. . . This region represents the events in the sample
b i A studentnotin the bandis notB. g prese i P
5 L— space that are not in C or B:

25
P(notB)=ﬁ=g 30 (3+2+5)=20.

! P(sztgden; is notin the choir or the band) | There are 5 + 20 = 25 outcomes not in B, out of

oy 30 equally likely outcomes.

L— 20 outcomes are in neither event.

A vet surveys 100 of her clients. She nds that:

25 own dogs 15 own days and cats
11 own dogs and sh 53 own cds

10 own cats and sh ,

7 own dogs, cats and sh

40 own sh You can use a Venn diagram with probabilities
to solve this problem, but it could also be

solved using the number of outcomes. There are

7 clients who own all three pets. Start with 0.07
in the intersection of all three events.

A client is chosen at random.
Find the probability that the client:
a owns dags only

b does not own sh

¢ does not own das, cats or sh.

Work outwards to the intersections.
0.15-0.07 = 0.08

Each of ‘dogs only’, ‘cats only’ and ‘ sh only’ can
be worked out by further subtractions:
0.53 (0.08 + 0.07 + 0.03) = 0.35 for ‘cats only’

As the probability of the whole sample space is 1,
the nalareais1 (0.26 + 0.04 + 0.07 + 0.03 +
0.06 + 0.08 + 0.35) = 0.11

a P(wns dogs only) = 0.06

b P@oes notown sh)=1 0.4=0.6 This is the value on the Venn diagram outside D,
¢ P@does not own dogs, cats or sh) =0.11 T I candF
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Exercise @

1

74

There are 25 students in a certain tutor group at Philips College. There are 16 students in the tutor
group studying German, 14 studying French and 6 students studying both French and German.
a Draw a Venn diagram to represent this information.
b Find the probability that a randomly chosen student in the tutor group:
i studies French il studies French and German
iii studies French but not German iv does not study Fench or German.

There ar 125 diners in a restaurant who were surveyed to nd out if they had ordered garlic
bread, beer or cheesecake:

15 diners had ordered all three items 20 had ordeed beer and cheesecake
43 diners had ordered garlic bread 26 had ordeed garlic bread and cheesecake
40 diners had ordered beer 25 had ordeed garlic bread and beer

44 diners had ordered cheesecake
a Draw a Venn diagram to represent this information.
A diner is chosen at random. Find the probability that the diner ordered:

b i allthreeitems ii beer but not cheesed@& and not garlic bread
iii garlic bread and beer but not cheesecakeiv none of these items

A group of 275 people at a music festival were asked if they play guitar, piano or drums:

one person plays all three instruments 15 people play piano ony
65 people play guitar and piano 20 people play guitar ony
10 people play piano and drums 35 people play drums onf
30 people play guitar and drums

a Draw a Venn diagram to represent this information.

b A festival goer is chosen at random from the group.
Find the probability that the person chosen:
i plays the piano i plays & least two of guitar, piano and drums
iii plays eactly one of the instruments iv plays none ofthe instruments.

The probability that a child in a school has blue eyes is 0.27 and the probability that they have
blonde hair is 0.35. The probability that the child will have blonde hair or blue eyes or both is
0.45. A child is chosen at random from the school. Find the probability that the child has:

a blonde hair and Hue eyes

b blonde hair but not blue eyes 211 Draw a Venn diagram

¢ neither feature. to help you.

A patient going in to a doctor’s waiting room reads Hiya magazine with probability 0.6 and
Dakor magazine with probability 0.4. The probability that the patient reads either one or both of
the magazines is 0.7. Find the probability that the patient reads:

a both magazines (2 marks)
b Hiya magazine only. (2 marks)



Probability

6 The Venn diggram shows the probabilities of membersof a B s
sports club taking part in various activities.

A represents the event that the member takes part in archery. 035 x 0102 vy

B represents the event that the member takes part in
badminton.

0.05
C represents the event that the member takes part in croquet.

Given that P(B) = 0.45:
a nd x (1 mark)
b ndy. (2 marks)

7 The Venn diggram shows the probabilities that students at M P H S

a sixth-form college study certain subjects.

M represents the event that the student studies mathematics. 032 p q 007013

P represents the event that the student studies physics.

H represents the event that the student studies history. 01
Given that P(M) = P(P), nd the values of p and g. (4 marks)

Challenge

The Venn diagram shows the probabilities of a group of children liking
three types of sweet.

A Cc

0.15 r
p 0.05

0.2

Given that PB) = 2PA) and that P(not Q = 0.83, nd the values of
p,gandr

@ Mutually exclusive and independent events

When events have no outcomes in common they are called mutually exclusive.

In a Venn diagram, the closed curves do not overlap and you can S
use a simple addition rule to work out combined probabilities: A B

For mutually exclusive events, P(A or B) = P(A) + P(B).

When one event h&no e ect on another, they are independent.
Therefore if A and B are independent, the probability of A
happening is the same whether or not B happens.

For independent events, P(A andB) = P(A) x P(B).

You can use thimultiplication rule to determine whether events are independent.
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Events A and B are mutually exclusive and P(A) = 0.2 and P(B) = 0.4.

Find: a P(AorB) b P(A but not B) ¢ P(neitherA nor B)
a B A and B are mutually exclusive so the closed
A 0.4 r curves do not intersect.
0.2
0.4 — Use the simple addition rule.

PAorB) =P@A) + P@) — Everything in A is ‘noB’.

=02+04=06
b P@butnotB)=P(A) =02 This is everything outside of both circles:
¢ P(either AnorB)=0.4 "1 P(AorB).

Events A and B are independent and P(A) %:and P(B) =%.
Find P(A and B).

1 1 1 A and B are independent so you can use the
PA and B) = P(A) x P(B) = 3%5° 15

15 multiplication rule for independent events.
Example e

The Venn diagram shows the number of students in a
particular class who watch any of three popular TV programmes.

a Find the probability that a student chosen at random
watches B or C or both.

b Determine whether watching A and watching B are
statistically independent.

a4+5+10+7=26

_2 _13
P(watches B or C or both) = 30 - 15
b PA)= 3;04 = % Take the probabilities from the Venn diagram.
_4+5+10 _ 19
PE) = 30 ~ 30
4 2 Multiply the two probabilities and check whether
PAand B) = 37-= 75 they give the same answer as P(A and B).

7 19 _ 133
PA) X PB) = o—x 2= :
@) x PE) 30 30 900 Problem-solving
SoP@AandB) P(A) x PE) Show your calculations and then write down a

Therefore watching A and watching B are conclusion stating whether or not the events are
not independent. independent.
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Exercise @

1

EP) 8

EP) 9

EventsA and B are mutually exclusive. P(A) = 0.2 and P(B) = 0.5.
a Draw a Venn diagram to represent these two events.

b Find P(A or B).

¢ Find P(neither A nor B).

Two fair dice are rolled and the result on each die is recorded. Show that the events ‘the sum of
the scores on the dice is 4’ and ‘both dice land on the same number’ are not mutually exclusive.

P(A) = 0.5 and P(B) = 0.3. Given that events A and B are independent, nd P(A and B).
P(A) = 0.15 and P(A and B) = 0.045. Given that events A and B are independent, nd P(B).

The Venn diggram shows the number of children in = S

a play group that like playing with bricks (B),

action gures (F) or trains (T).

a State with a reason, which two types of toy are
mutually exclusive.

b Determine whether the events ‘plays with bricks’
and ‘plays with action gures’ are independent.

The Venn diggram shows the probabilities that a group A B
of students like pasta (A) or pizza (B).

a Write down the value of x. (1 mark) 04 x 03

b Determine whether the events ‘like pasta’ and
‘like pizza’ are independent. (3 marks) 0.05

S andT are two events such that P(p= 0.3, P(T) = 0.4 and P(S but not T) = 0.18.
a Show tha S and T are independent.

b Find:
i P(SandT) i P(neitherSnor T).

W and X are two events such that P(W}= 0.5, P(W and not X) = 0.25 and
P(neither W nor X) = 0.3. State, with a reason, whether W and X are independent events.

(3 marks)
The Venn disgram shows the probabilities of members of
a social club taking part in charitable activities. A R
A represents taking part in an archery competition. 0.2 0.25
R represents taking partin arae. X
F represents taking part in a fun run.
N . 0.1 y
The probability that a member takes part in the archery F
competition or the ra e is 0.6.
a Find the vaue of x and the value of y. (2 marks)
b Show tha events R and F are not independent. (3 marks)
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10 Given that A and B are independent, nd the two possible
values for p and q.

Challenge

042 p 011

A and B are independent events in a sample spaceGiven that A and

B are independent, prove that:
a A and ‘not B’ are independent
b ‘not A’ and ‘not B are independent.

@ Tree diagrams

A tree diagram can be used to show the outcomes of two (or more) events happening in

succession.

A bag contains seven green beads and ve blue beads. A bead is taken from the bag at random and
not replaced. A second bead is then taken from the bag.

Find the probability that:
a both beads are geen
b the beads are di eent colours.

a 6
11 Green
7 Green I
12 .
11 Blue
5 Il Green
12 Blue
4 BI
11 ue
P(green and green) 217—2>< %z %

b Pdifferent colours)
= P@reen then blue) + P(blue then green)
7.,5,.5 7_35

T2 12117 66

78

Draw a tree diagram to show the events.

There are now only 6 green beads and 11 beads
in total.

Multiply along the branch of the tree diagram.

Multiply along each branch and add the two
probabilities.



Probability

Exercise @

1

EP s

. Bead 1 Bead :

A bag contains three red beads and ve blue beads.
A bead is chosen at random from the bag, the colour e Red
is recorded and the bead is replaced. A second bead Red
is chosen and the colour recorded. Blue
a Copy and complete this tee diagram to show 7777

the outcomes of the gperiment. e Red
b Find the probability that both beads are blue. e Blue
¢ Find the probability that the second bead is blue. Blue

A box contains nine cads numbered 1 to 9. A card is drawn at random and not replaced.
It is noted whether the number is odd or even. A second card is drawn and it is also noted
whether this number is odd or even.

a Draw a tree diagram to represent this experiment. T —
b Find the probability that both cards are even.

¢ Find the probability that one card is odd and the other card is even.

The probability that Charlie takes the bus to school is 0.4. If he doesn't take the bus, he walks.
The probability that Charlie is late to school if he takes the bus is 0.2. The probability he is late
to school if he walks is 0.3.

a Draw a tree diagram to represent this information.

b Find the probability that Charlie is late to school.

Mr Dixon pla ys golf. The probability that he scores par or under on the rst hole is 0.7.

If he scores par or under on the rst hole, the probability he scores par or under on the second
hole is 0.8. If he doesn't score par or under on the rst hole, the probability that he scores par or
under on the second hole is 0.4.

a Draw a tree diagram to represent this information. (3 marks)
b State whether the events ‘scores par or under on the rst hole’ and ‘scores par or

under par on the second hole’ are independent. (2 mark)
¢ Find the probability that Mr Dixon scores par or under on only one hole. (3 marks)

A biased coin is tossed three times and it iscorded whether it falls heads or tails.
P(heads) =%

a Draw a tree diagram to represent this experiment. (3 marks)
b Find the probability that the coin lands on heads all three times. (2 mark)
¢ Find the probability that the coin lands on heads only once. (2 marks)
The whole experiment is repeated for a second trial.

d Find the probability of obtaining either 3 heads or 3 tails in both trials. (3 marks)
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EP 6

A bag contains 13 tolens, 4 coloured blue, 3 coloured red and 6 coloured yellow. Two tokens are
drawn from the bag without replacement.

a Find the probability that both tokens are yellow. (2 marks)
A third tok en is drawn from the bag.

b Write down the probability that the third token is yellow, given that the rst two
are yellow. (1 mark)

¢ Find the probability that all three tokens are di erent colours. (4 marks)

Mixed exercise e

EP 1

80

There are 15 coloured beads in a bag; seven beads are red, three are blue and ve are green.
Three beads are selected at random from the bag and replaced. Find the probability that:

a the rst and second beads chosen ared and the third bead is blue or green (3 marks)
b one red, one lue and one green bead are chosen. (3 marks)

A basebdl player has a batting average of 0.341. This means her probability of making a hit
when she bats is 0.341. She bats three times in one game. Estimate the probability that:

a she males three hits
b she makes no hits
¢ she males at least one hit.

The scores 0f250 students in a test are recorded Score, s Frequency Frequency

in a table. (male) (female)

One student is chosen at random. 20<s<25 7 8

a Find the probability that the student is female. 25<s<30 15 13

b Find the probability that the student scored 30<s<35 18 19
less than 35. 35<s<40 25 30

¢ Find the probability that the student is a male 40<s<45 30 26
and scored between 25 and 34. 45<s<50 27 32

In order to pass the test, students must score 37 or more.

d Estimate the piobability that a student chosen at random passes the test. State one
assumption you have made in making your estimate.

The histogram shows the distribution of masses, A
in kg, of 50 newborn babies. 2 60
. - S 50
a Find the probability that a baby ﬁ 20
chosen at random has a mass § 30
greater than 3kg. (2 marks) % 20
b Estimate the pobability that a T 19
baby chosen at random has a 0 ! ' >
mass less than 3.7k&g. (3 marks) ! 2 3 4 > 6 !

Mass (kg)
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Probability

A study was made of a group of 150 children to determine which of three cartoons they watch
on television. The following results were obtained:

35 watch Toontime 14 wdach Porky and Skellingtons
54 watch Porky 12 wach Toontime and Skellingtons
62 watch Skellingtons 4 watch Toontime, Porky and Skellingtons
9 wach Toontime and Porky
a Draw a Venn diagram to represent this data. (4 marks)
b Find the probability that a randomly selected child from the study watches:
i none of the three cartoons (2 marks)
il no more than one ofthe cartoons. (2 marks)

The ewents A and B are such that P(A) %and P(B) =%. P(A or B or both) = %
a Represent these probabilities on a Venn diagram.
b Show tha A and B are independent.

The Venn diggram shows the number of students who like c F S
either cricket (C), football (F ) or swimming (S).
a Which two sports are mutually exclusive? (1 mark) 8 13 4 5 7

b Determine whether the events ‘likes cricket’
and ‘likes football’ are independent. (3 marks) 1

For events J and K, P(J or K or both) = 0.5, P(K but not J = 0.2 and P(J but not K) = 0.25.
a Draw a Venn diagram to represent events J and K and the sample space S. (3 marks)
b Determine whether events J and K are independent. (3 marks)

A survey of a group of students revealed that 85% have a mobile phone, 60% have an MP3
player and 5% have neither phone nor MP3 player.

a Find the proportion of students who have both gadgets. (2 marks)
b Draw a Venn diagram to represent this information. (3 marks)
c A student is chosen atandom. Find the probability that they only own a mobile

phone. (2 marks)
d Are the events ‘own a mobile phone’ and ‘own an MP3 player’ independent?

Justify your answer. (3 marks)

The Venn diggram shows the probabilities that a group of

A B
children like cake (A) or crisps (B.
Determine whether the events ‘like cake’ and 03 x 04
‘like crisps’ are independent. (3 marks)
0.15

81



11 A computer game has three igls and one of the objectives of every level is to collect a
diamond. The probability that Becca collects a diamond on the rst level ié, the second legl
is% and the third level is%. The events are independent.

a Draw a tree diagram to represent Becca collecting diamonds on the three levels

of the game. (4 marks)
b Find the probability that Becca:

i collects all three diamonds (2 marks)

i collects only one diamond. (3 marks)

¢ Find the probability that she collects at least two diamonds each time she plays. (3 marks)

@ 12 In a factory, machinesA, B and C produce electronic components. Machine A produces 16%
of the components, machine B produces 50% of the components and machine C produces
the rest. Some of the components are defective. Machine A produces 4%, machine B 3% and
machine C 7% defective components.

a Draw a tree diagram to represent this information.
b Find the probability that a randomly selected component is:
i produced by machine B and is defective ii defectve.

Challenge

The members of a cycling club are married couples. For any married
couple in the club, the probability that the husband is retired is 0.7 and
the probability that the wife is retired 0.4. Given that the wife is retired,
the probability that the husband is retired is 0.8.

Two married couples are chosen at random.

Find the probability that only one of the two husbands and only one of
the two wives is retired.

Summary of key points

1 A \énn diagram can be used to represent events graphically. Frequencies or probabilities
can be placed in the regions of the Venn diagram.

2 Formutually exclusive events, P(A or B = P(A) + P(B.
3 Forindependent events, P(A and B=P(A) x P(B.

4 A tree diagram can be used to show the outcomes of two (or more) events happening
in succession.
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Statistical
distributions

A er completing this chapter you should be able to:

Understand and use simple disste probability distributions

including the discrete uniform distribution pages 84-88
Understand the binomial distribution &a model and comment on
appropriateness page 88

Calculate individual probabilities for the binomial distribution
pages 89-91

Calculate cumulative probabilities for the binomial distribution
pages 91-94

Prior knowledge check

1 Three coins are ipped. Calculate the
probability that:

a all the coins land on tails
b all the coins land on heads
¢ exactly one of the coins lands on tails

d at least two coins land on heads.
Chapter 5

2 Two fair dice are rolled. Calculate the
probability that the sum of the scores on
the dice is:

a ve b even

You can use probability to model real-life
events. If an archer res a set of arrows at
a target, the number of bullseyes can be
modelled using a binomial distribution. ¢ odd d amultiple d 3
Mixed exercise Q15 e a prime number. Chapter 5



@ Probavility distributions

A random variable is a variable whose value . , . .
NOEEEY  Rardom variables are written using

depends on the outcome of a random event.
M The range of values that a random variable . .
The particular values the random variable can

can tale is called its sample space. . . :
) ) take are written using equivalent lower case
M vériable can take any of a range of speci c letters, for example x or y

values. o The probability that the random variable X takes
M 7YOHU L D &isprte if it can only take a particular value x is written as R(= x).

certain numerical values.
M 7YOHU L D B@ddm if the outcome is not known until the experiment is carried out.

A probability distribution fully describes the probability of any outcome in the sample space.

The probability distribution for a discrete random variable can be described in a number of di erent
ways. For example, take the random variable X = ‘score when a fair dice is rolled'. It can be described:

M Dpvbbability mass function: P(X =x) =¢,x=1,2,3,4,5,6

upper case letters, for example X or. Y

M XVOVQIHE O X 1 2 3 4 5 6
— 1 1 1 1 1 1
PX=x) | 5 | 5| 5|l35|5|s%
M XVOGLIDFU PXX=xk
1
6

»
1 2 3 45 6 X

All of these representations show the probability that the random variable takes any given value in its
sample space.

When all of the probabilities are the same, as in this example, the distribution is known as a discrete
uniform distribution.

Three fair coins are tossed.
a Write down all the possible outcomes when the three coins are tossed.
A random variable, X, is de ned as the number of heads when the three coins are tossed.

b Write the probability distribution of X as:
i atable ii a probability mass function.
r These are the outcomes of the experiment.

a HHH, HHT, HTH, HTT, THH, THT, TTH, )
X is the number of heads, so the sample space of

bi [No ofheads,x | O | 1 | 2 |3 Xis{0, 1, 2, 3}.
P(X = x 1|3 |3]| 1
& ) 81818168 These are the values of the random variable.
i + x=0,3
PX=x)= % x=1,2 These are the values the random variable can take.
0 otherwise
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The sum of the probabilities of all outcomes of an event add up to 1. For a random variable X,
you can write P(X=X) =1 for all x.

A biased four-sided dice with faces numbered 1, 2, 3 and 4 is rolled. The number on the bottom-
most face is modelled as a random variable X.
Given that P(X = x) = %z
a Find the vaue of k.
b Give the probability distribution of X in table form.
¢ Find the probability that:
i X>2 i 1<X<4 i X>4

a The probability distribution will be:

X 1 213 |4
_ kKl ki kil k
PX=x) | 7]2 |3 |4
k,k k k_ 1 Since this is a probability distribution,
1 2 3 4 P(X=x)=1
1.1 1 _
Kl+rgrgtg =1
12+6+4+3  _
K 12 =t

k= % Problem-solving

S Write an equation and solve it to nd the value
b The probability distribution is: of k. Then substitute this value of k into

X 1 21 3|4 PX =x) =;for each x to nd the probabilities.

o |26 a3
PX=x) |25 |25 | 25 | 25

Consider all the values of x that satisfy this

i X>2isth tting 3 or 4 "
¢! 15 Ihe same as getling S or & S0 condition. Add the probabilities to nd PX > 2).

4,3 _ 17
PK>2)= 25 %25 = 25
il 1< X <4isthe same as getting 2 or 3

6 ., 4 _10_2

PA<X<4)=—+ = ==
25 25 2 5 WELEAREIEIE This random variable only models
i There are no elements in the sample the behaviour of the dice. The outcomes from
space that satisfy X > 4 so experiments in real life will never exactly tthe

model, but the model provides a useful way of

PX>4) = g .
®>4)=0 analysing possible outcomes.
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Example e
This spinner is spun until it lands on red or has been spun four times in total. bqh

Find the probability distribution of the random variable S, the number of

times the spinner is spun. év
Problem-solving

Read the de nition of the random variable

PG = 1) is the probability that the spinner carefully. Here it is the number of spins.

lands on red the rst time:

PGS =1) :% On any given spin, P(Red)é—-and P(Blue) =gi

If the spinner lands on red on the second
spin it must land on blue on the rst spin:

PS=2)= 3,2_6 Each spin is an independent event so
5 5 25 P(Blue then red) = P(Blue) x P(Red)
Lkewise for landing on red on the third spin:
PE =3 = %x %x %: 11285 B, B, R is the only outcome for which S = 3.
The experiment stops after 4 spins so:
- 2,6 18 _ 27 The sample space of Sis {1, 2, 3, 4}.
PE=4=1 (5*25 " 125] " 125 SoPS=4)=1 PE=1,2o0r3).
1 2 3 4
X You have found P(S ) for all values in the sample
PS=5) 2 16 |18 )27 space, so you have found the complete probability
5 | 25 | 125 | 125 '

distribution. You can summarise it in a table.

Exercise @

1 Write down whether or not each of the following is a discrete random variable.
Give a reason for your answer.

a The height, Xcm, of a seedling choserandomly from a group of plants.
b The number of times, R, a six is rolled when a fair dice is rolled 100 times.
¢ The number of days, W, in a given week.

2 A fair dice is thrown four times and the number of times it falls with a 6 on the top, Y, is noted.
Write down the sample space of Y.

3 A bag contains two discs with the number 2 on them and two discs with the number 3 on them.
A disc is drawn at random from the bag and the number noted. The disc is returned to the bag.
A second disc is then drawn from the bag and the number noted.

a Write down all the possible outcomes of this experiment.
The discrete random variable X is de ned as the sum of the two numbers.

b Write down the probability distribution of X as:
i atable i a probability mass function.
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4 A discrete mndom variable X has the X 1 > 3 4
probability distribution shown in the table. I I I
. P(X=x) 3 3 k 7
Find the value of k.
5 The random variable X has a probability function
P(X =x) = kx x=1,2,3,4.
Show that k = %. (2 marks)
6 The random \ariable X has a probability function
oy [kx x=1,3
”X‘”‘{uxj) x=2, 4
where k is a constant.
a Find the value of k. (2 marks)
b Find P(X > 1). (2 marks)
(P) 7 The discrete andom variable X has a probability function
0.1 x=2,1
P(X=x)= x=0,1
0.2 X=2
a Find the vaue of .
b Construct a tabde giving the probability distribution of X.
c FindP( 1<X, 2).
@ 8 A discrete mndom variable has a probability X 0 2
distribution shown in the table. P(X = X) % a %Jr a

Find the value of a.

@ 9 The random variable X can take any integer value from 1 to 50. Given that X has a discrete

uniform distribution, nd:
a P(X=1)

b P(X>28)

c P(13, X, 42)

@ 10 A discrete mndom variable X has the X 0 1 2 3
p.robablllty distribution shown in this table. P(X = X) % % % %
Find:
a P(1, X<3) (2 mark)
b P(X, 2) (2 mark)
c P(X.3) (2 mark)
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A biased coin is tossed until a head appears or it is tossedif times.
If P(Head) = %:

a Write down the probability distribution of S, the number of tosses, in table form. (4 marks)
b Find P(S. 2). (2 mark)

the probability distributions of the following random variables: év
a X, the number of times red appears

b Y, the number of times yellow appears.

A fair v e-sided spinner is spun. q
Given that the spinner is spun ve times, write down, in table form, bA

The spinner is now spun until it lands on blue, or until it has been spun ve times.
The random variable Z is de ned as the number of spins in this experiment.

¢ Find the probability distribution of Z.

Marie says thd a random variable X has a probability distribution de ned by the following

probability mass function:
21

P(X=x)=X£ x=2,3,4

a Explain how you know that Marie’s function does not describe a probability

distribution. (2 marks)
b Given that the correct probability mass function is in the form P(X = x) =;—2, x=2,3,4
where k is a constant, nd the exact value of k. (2 marks)

Challenge 2P X andY are

The independent random variable$ andY have probability distributions

independent so the
value taken by one

1 1 does not a ect the
PX=xX)==, Xx=1,2,3,4,5,6,7,8 PYY =y) ==, =2,3,6
®=x=3 ¥=y) y Y probabilities for the

Find PK . Y). other.

@ The binomial distribution

When you are carrying out a number of trials in an experiment or survey, you can de ne a random

va

88

riableX to represent the number of successful trials.

You can modelX with a binomial distribution, B( n, p), if:
there are a xed number of trials, n
there are two possible outcomes (success and failure) 2 If P(Success) p and
there is a xed probability of success, p e
) ] then P(Failure) =1 p.
the trials are independent o f each other



If a random variable X has the binomial distribution Yau write X ~ B6,
B(n, p) then its probability mass function is given by '

—_ — n r nr
PX=n=np p . o
N is sometimes called the index and is sometimes called () "y =)
the parameter. It is sometimes written asICr
or "C.. It represents the number
of ways of selecting successful
outcomes fromn trials.

Pure Year 1, Chapter 8

You can use your calculator to work out binomial probabilities.
You can either use the rule given above, together with tGe
function, or use the binomial probability distribution function
directly.

The random variable X B (12,%). Find:
a P(X=2) b P(X =9) c P(X<1)
.. 12 125%™ 121 1251
a PE=2)=(2)(5) (&) ~21101(6) (5)
= 0.296 009...
=0.296 (3 s.f)

. 12 1°5° L 7 _
b PX=9)= (9)(8) () Use the formula with n = 12, pzand x = 9.

Use the formula with n = 12, p=and x = 2.

= 0.000 01263...
=0.000 0126 (35 .f)

c PX<1)=P(X=0)+P(X=1) A binomial distribution can take any value from
52 40 1l n 0 up to ninclusive. So there are two possible

“(6) T (16 (6 outcomes that satisfy the inequality: X = 0 and
X=1

=0.112156... +0.269 17...

=0.381 33...

=0.381 (3s.f) Use the"C, function on your
calculator to work out binomial
probabilities.

The probability that a randomly chosen member of a reading group is left-handed is 0.15.

A random sample of 20 members of the group is taken.

a Suggest a suitale model for the random variable X, the number of members in the sample who
are left-handed. Justify your choice.

b Use your mode to calculate the probability that:
i exacty 7 of the members in the sample are left-handed
i fewer than two of the members in the sample are left-handed.
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a The random variable can take two values,

left-handed or right-handed.

There are a xed number of trials, 20, and
a xed probability of success: 0.15.
Assuming each member in the sample is

A binomial model is a suitable choice. State the
assumptions that are necessary for the binomial
model, and make sure that you specify the values

. _ . of nandp.
independent, a suitable model is
X B(20, 0.15) , _ _ _
_ 20 ONIIES Work this out directly using
I PX=7)=("5) *x(0157(0.85)® the binomial probability distribution
= 0.016 01 function on your calculator and entering

=0.0160 (3 5.1 X=7n=20and=0.15.

i PK<2)=P(X=0)+P(X=1) — 1 1|
=0.038 75... +0136 79... In this situation, ‘fewer than two’ means 0 or 1.

= 0.176 (3 s.f.)

Exercise @

1 The random variable X B (8,%). Find:
a PX=2) b P(X=5) c PX<1)

2 The random variable T B (15,%). Find:
a P(T=5) b P(T =10) c PB< T<4)

3 A student suggests using a binomial distriltion to model the following situations.
Give a description of the random variable, state any assumptions that must be made and give
possible values for n and p.

a A sample of 20 bolts fom a large batch is checked for defects. The production process should

90

b

produce 1% of defective bolts.

Some tra c lights have three phases: stop 48% of the time, wait or get ready 4% of the
time, and go 48% of the time. Assuming that you only cross a tra c light when it is in the
go position, model the number of times that you have to wait or stop on a journey passing
through 6 sets of tra c lights.

When Stephanie plgs tennis with Timothy, on average one in eight of her serves is an ‘ace’.
How many ‘aces’ does Stephanie serve in the next 30 serves against Timothy?

State which of the following can be modelled with a binomial distribution and which cannot.
Give reasons for your answers.

a

b

c

Given that 15% of people have blood that is Rhesus negative (Rhmodel the number of
pupils in a statistics class of 14 who are Rh

You are given a fair coin and told to keep tossing it until you obtain 4 heads in succession.
Model the number of tosses you need.

A certain car manufacturer produces 12% of new cars in the colour red, 8% in blue, 15% in
white and the rest in other colours. You make a note of the colour of the rst 15 new cars of
this make. Model the number of red cars you observe.



@ 5 A balloon manufacturer claims that 95% of his balloons will not burst when blown up.
If you have 20 of these balloons to blow up for a birthday party:

a What is the probability that none of them burst when blown up?
b Find the probability that exactly 2 balloons burst.

6 The probability of a switch being faulty is 0.08. A random sample of 10 switches is taken from
the production line.

a De ne a suitable distribution to model the number of faulty switches in this sample,
and justify your choice. (2 marks)

b Find the probability that the sample contains 4 faulty switches. (2 marks)

7 A particular genetic marker is present in 4% of the population.
a State ary assumptions that are required to model the number of people with this

genetic marker in a sample of size n as a binomial distribution. (2 marks)
b Using this model, nd the probability of exactly 6 people having this marker in a
sample of size 50. (2 marks)

8 A dice is biased so that the mbability of it landing on a six is 0.3. Hannah rolls the dice

15 times.

a State ary assumptions that are required to model the number of sixes as a binomial
distribution. State the distribution. (2 marks)

b Find the probability that Hannah rolls exactly 4 sixes. (2 marks)

¢ Find the probability that she rolls two or fewer sixes. (3 marks)

@ Cumulative probabilities

A cumulative probability function for a random variable X tells you the sum of all the individual
probabilities up to and including the given value &fin the calculation for P{ < X).

For the binomial distributionX B( n, p) there are tables in the formula book giving®R& x) for
various values of andp.

An extract from the tables is shown below:

p=| 0.05 0.10 0.15 0.20 0.25 0.30

n=5x=0| 0.7738 0.5905 0.4437 0.3277 0.2373 0.1681

1| 09774 009185 0.8352 0.7373 0.6328 0.5282 For the binomial distribution X B(5, 0.3),
2] 09988 0.9914 0.9734 09421 0.8965 0.8369this tells you that P(X < 2) = 0.8369 to

3| 1.0000 0.9995 0.9978 0.9933 0.9844 0.96924 d.p.

4] 1.0000 1.0000 0.9999 0.9997 0.9990 0.9976
0

0.7351 0.5314 0.3771 0.2621 0.1780 0.1176

n=6x-=

You can also use the binomial cumulative probability function on your calculator to nd R(x) for
any values ok, n andp.
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The random variable X B(20, 0.4). Find:

a P(X<7) b P(X, 6) ¢ P(X > 15)
a P(X <7) = 0.4159 Use n =20, p=0.5and x = 7. You can use tables
or your calculator.
b PX,6) =PX<Y) Use the binomial cumulative
=0.1256 distribution function on your calculator.

You wantto nd PK < 7), not PK = 7). On some

calculators, this is labelled ‘Binomial CD’.
c PX>15) =1 P(X<14)

=1 0.9984

=0.0016 X can only take whole number values,

S0 PK < 6) = PK < 5).

When questions are set in context there are di erent forms of words that can be used to ask for
probabilities. The correct interpretation of these phrases is critical, especially when dealing with
cumulative probabilities. The table below gives some examples.

Phrase Means Calculation

... greater than 5... X.5 1 P(X<5)
... ho more than 3.. X<3 P(X<3)

...atleast 7... X>7 1 P(X<6)
... fewer than 10Q.. X, 10 P(X<9)
...atmost 8... X<8 P(X<8)

A spinner is designed so that the probability it lands on red is 0.3. Jane has 12 spins. Find the
probability that Jane obtains:

a no more than 2 eds
b atleast5 eds.

Jane decides to use this spinner for a class competition. She wants the probability of winning a
prize to be < 0.05. Each member of the class will have 12 spins and the number of reds will be
recorded.

¢ Find how many reds are needed to win a prize.
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Let X = the number of reds in 12 spins.
X B(12, 0.3)

— ‘no more than 2’ means X < 2.

a P <2)=0.2528

— ‘atleast 5’ means X > 5.

b PX>5 =1 P(X<4)
=1 0.7237
= 0.2763

¢ Let r = the smallest number of reds
needed to win a prize.
Require: P(X >r), 0.05

From tables:

PX < 5) =0.8822
PX < 6) =0.9614
PX < 7) =0.9905

So: P(X < 6) =0.9614 implies that
PX>7) =1 0.9614
=0.0386, 0.05

So 7 or more reds will win a prize.

Exercise @

1 The random variable X B(9, 0.2). Find:

a P(X<4) b P(X, 3)

2 The random variable X B(20, 0.35). Find:

a P(X<10) b P(X.6)

c PX=5) d P(2< X<7)

3 The random variable X B(40, 0.47). Find:

a P(X, 20) b P(X. 16)

c P(11< X<15) d P(10, X,17)

4 The random variable X B(37, 0.65). Find:

a P(X.20) b P(X < 26)
¢ P(15< X, 20) d P(X=23)

Form a probability statement to represent the
condition for winning a prize.

Problem-solving

When you are looking for the rst probability

that is greater or less than a given threshold, it is
sometimes quicker to look on the tables rather
than use your calculator.

Since x = 6 gives the rst value > 0.95, use this
probability and nd r=7.

Always make sure that your nal answer is related
back to the context of the original question.

. \7
Explore the cumulative O

probabilities for the binomial
distribution for this example using technology.

c PX>2) d PX=1)

S p2< X< 7)=PK< 7) PKX< 1)

WELR® For questions 3 and 4 the

values of n and p aren’t given in the
tables. Use the binomial cumulative
distribution function on your calculator.

5 Eight fair coins are tossed and the tolanumber of heads showing is recorded.

Find the probability of:
a no heads

b atleast 2 heads

¢ more heads than tails

93



® 6 For a particular type of plant 25% have blue owers. A garden centre sells these plants in trays
of 15 plants of mixed colours. A tray is selected at random.
Find the probability that the number of plants with blue owers in this tray is:

a exactly 4
b at most 3
c between 3 and 6 (incluse).

7 The random variable X B(50, 0.40). Find:
a the largestalue of k such that P(X < k) , 0.05 (1 mark)
b the smallest mmber r such that P(X . r), 0.01. (2 marks)

8 The random ariable X B(40, 0.10). Find:

a the largest walue of k such that P(X , k) , 0.02 (1 mark)
b the smallest mmber r such that P(X . r), 0.01 (2 marks)
c Pk<X«<). (2 marks)

9 In a town, 30% of residents listen to the local radio.
Ten residents are chosen at random.
X = the number of these 10 residents that listen to the local radio.

a Suggest a suitale distribution for X and comment on any necessary assumptions(2 marks)
b Find the probability that at least half of these 10 residents listen to local radio. (2 marks)
¢ Find the smallest \alue of s so that P(X >s), 0.01. (2 marks)

10 A factory produces a componentdr the motor trade and 5% of the components are defective.
A quality control o cer regularly inspects a random sample of 50 components. Find the
probability that the next sample contains:

a fewer than 2 defectives (2 mark)
b more than 5 defecties. (2 marks)

The o cer will stop production if the number of defectives in the sample is greater than a
certain vdue d. Given that the o cer stops production less than 5% of the time:

¢ nd the smallest value of d. (2 marks)

Mixed exercise e

@ 1 The random variable X has probability function
—w = X -
P(X—x)—21 x=1,2,34,5,6.
a Construct a tabde giving the probability distribution of X.

b Find P2, X<5).
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The discrete andom variable X has X 2 1 0 1 2 3
the probability distribution shown.

P(X =x) 0.1 0.2 0.3 r 0.1 0.1
a Findr. (1 mark)
b Calculate P(1<x, 2). (2 marks)

The random variable X has probability function

(3x 1)
P(X:x):T x=1,2,3,4.
a Construct a tabde giving the probability distribution of X. (2 marks)
b Find P(2, X<4). (2 marks)

Sixteen counters are mmbered 1 to 16 and placed in a bag. One counter is chosen at random
and the number, X, recorded.

a Write down one condition on selecting a counter if X is to be modelled as a discrete

uniform distribution. (2 mark)
b Find:

i P(X=5) (1 mark)

i P(Xis prime) (2 marks)

i P(3< X, 11) (2 marks)

The random variable Y has probability function

P(Y=y)=y y=12345

a Find the value of k. (2 marks)
b Construct a tabe giving the probability distribution of Y. (2 marks)
¢ Find P(Y . 3). (1 mark)

Stuart rolls a biased dicedur times. P(six) =%. The random variable T represents the number
of times he rolls a six.

a Construct a table giving the probability distribution of T. (3 marks)
b Find P(T , 3). (2 marks)

He rolls the dice again, this time recording the number of rolls required to roll a six.
He rolls the dice a maximum of ve times. Let the random variable S stand for the number of
times he rolls the dice.

¢ Construct a tabde giving the probability distribution of S. (3 marks)
d Find P(S. 2). (2 marks)

The discrete andom variable X B(30, 0.73). Find:

a P(X=20) (1 mark)
b P(X<13) (1 mark)
c P(11, X<25) (2 marks)
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A coin is biased so that the psbability of a head is%.The coin is tossed repdadly.
Find the probability that:

a the rst tail will occur on the sixth toss
b in the rst 8 tosses there will be xactly 2 tails.

Records kept in a hospital show that 3 out of every 10 patients who visit the accident and
emergency department have to wait more than half an hour. Find, to 3 decimal places, the
probability that of the rst 12 patients who come to the accident and emergency department:

a none
b more than 2
will have to wait more than half an hour.

a State clealy the conditions under which it is appropriate to assume that a random
variable has a binomial distribution. (2 marks)

A door-to-door canvasser tries to persuade people to have a certain type of double glazing
installed. The probability that his canvassing at a house is successful is 0.05.

b Find the probability that he will have at least 2 successes out of the rst 10 houses

he canvasses. (2 marks)
¢ Calculate the smallest number of houses he must canvass so that the probability
of his getting at least one success exceeds 0.99. (4 marks)

A completely unprepared student is given a true/false-type test with 10 questions.
Assuming that the student answers all the questions at random:

a nd the probability that the student gets all the answers correct.
It is decided that a pass will be awarded for 8 or more correct answers.
b Find the probability that the student passes the test.

A six-sided die is biased. When the die is thwn the number 5 is twice as likely to appear as
any other number. All the other faces are equally likely to appear. The die is thrown repeatedly.
Find the probability that:

a the rst 5 will occur on the sixth throw
b in the rst eight throws there will be exactly three 5s.

A manufacturer produces large quantities of plastic chairs. It is known from previous records
that 15% of these chairs are green. A random sample of 10 chairs is taken.

a De ne a suitable distribution to model the number of green chairs in this sample. (1 mark)
b Find the probability of at least 5 green chairs in this sample. (3 marks)
¢ Find the probability of exactly 2 green chairs in this sample. (3 marks)

A bag contains a lage number of beads of which 45% are yellow. A random sample of
20 beads is taken from the bag. Use the binomial distribution to nd the probability that the
sample contains:

a fewer than 12 yellow beads (2 marks)
b exactly 12 yellow beads. (3 marks)
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An archer hits the hullseye with probability 0.6. She shoots 20 arrows at a time.

a Find the probability that she hits the bullseye with at least 50% of her arrows. (3 marks)
She shoots 12 sets of 20 anws.

b Find the probability that she hits the bullseye with at least 50% of her arrows in

7 of the 12 sets of arrows. (2 marks)
¢ Find the probability that she hits the bullseye with at least 50% of her arrows in
fewer than 6 sets of arrows. (2 marks)

Challenge

A driving theory test has 50 questions. Each question has four answers,

of

which only one is correct.

Annabelle is certain she got 32 answers correct, but she guessed the
remaining answers. She needs to get 43 correct answers to pass the test.

Find the probability that Annabelle passed the test.

Summary of key points

1
2

Aprobability distribution fully describes the probability of any outcome in the sample space.

The sum of the pbabilities of all outcomes of an event add up to 1. For a random variajle
you can write P(X =x) = 1 for allX.

You can modeX with a binomial distribution, B( n, p), if:
MWK HD#B [H® XPERWLDOV

MW K HDWMZ RS R V L E &WR P HW)RH RWD LI X U
MW KHWH H G R E D E LROVOEWY V

MW KL DBIVMQ GH S HR IS BIRKV K H U

If a random variable X has the binomial distribution B, p) then its probability mass function
is given by

PX :r):(rr‘)pf(l p"*
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Hypothesis testing

A er completing this chapter you should be able to:

Understand the language andoacept of hypothesis
testing pages 99-101

Understand that a sample is used tmake an inference
about a population pages 99-101

Find critical values foa binomial distribution using tables
pages 101-105

Carry out a one-tailed test for the proportion of the binomial

distribution and interpret the results pages 105-107
Carry out a two-tailed test for the proportion of the binomial
distribution and interpret the results pages 107—109

% Voting to leave the EU

Leave: 51.9%

Stay: 48.1%

Prior knowledge check

1 X~ B(20, 0.4). Calculate:
a PX=5) b PX =10)
c PX<2) d PX>18) Chapter6

Wanda rolls a fair dice eight times.

a Sugest a suitable model for the Polling organisations use small samples
random variable X, the number of to make inferences about a population.
times the dice lands on ve. Hypothesis testing can help them assess th

b Galculate: accuracy of their predictions.

i PX=2) ii PK>4) Chapter6 Exercise 7A Q6, Exercise 7C Q10




m Hypothesis testing

A hypothesis is a statement made about the value of a T

populatlon parameter_. You can test a.hypotheS|s fibout parameter you will be testing wil
a population by carrying out an experiment or taking a be the probability, pin a binomial

sample from the population. distribution B, p). Chapter 6
The result of the experiment or the statistic that is
calculated from the sample is called the test statistic.

In order to carry out the test, you need to form two hypotheses:

The null hypothesis, H,, is the hypothesis that you In this chapter you should

assume to be correct. always give Kland H in terms of the
The alternativ e hypothesis, H,, tells you about the ys 9
population parameter p

parameter if your assumption is shown to be wrong.

John wants to see whether a coin is unbiased or whether it is biased towards coming down heads.
He tosses the coin 8 times and counts the number of times, X, that it lands head uppermost.

a Describe the test statistic.
b Write down a suitable null hypothesis.
¢ Write down a suitable alternative hypothesis.

The test statistic is calculated from the sample or
a The test statistic is X (the number of experiment.

heads in 8 tosses).

b If the coin is unbiased the probability of a You always write the null hypothesis in the form

coin landing heads is 0.5 so Hop=..
Ho: p = 0.5 is the null hypothesis.

If you were testing the coin for bias towards tails

¢ If the coin is biased towards coming down your alternative hypothesis would be;Hp < 0.5.

heads then the probability of landing heads . . L
. If you were testing the coin for bias in either
will be greater than 0.5. S . i
) ) ) direction your alternative hypothesis would be
H; p . 0.5 is the alternative hypothesis. H:p 0.5
1. . .

Hypothesis tests with alt ernative hypotheses in the formH,;:p< ... and H: p> ... are called
one-tailed tests.

Hypothesis tests with an alt ernative Hint
hypothesis in the form H,:p ... are called
two-tailed tests.

You can think of a two-tailed test such as
Hi:p 0.5astwotests H: p>0.50rp<0.5.

To carry out a hypothesis test you assume the null hypothesis is true, then consider how likely the
observed value of the test statistic was to occur. If this likelihood is less than a given threshold, called
the signi cance level of the test, then you reject the null hypothesis.

Typically the signi cance level for a hypothesis test will be 10%, 5% or 1% but you will be told which
level to use in the question.
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An election candidate believes she has the support of 40% of the residents in a particular town.

A researcher wants to test, at the 5% signi cance level, whether the candidate is over-estimating

her support. The researcher asks 20 people whether they support the candidate or not. 3 people say
that they do.

a
b
c

Write down a suitable test statistic.
Write down two suitable hypotheses.
Explain the condition under which the mll hypothesis would be rejected.

a The test statistic is the number of people This is a one-tailed test — the researcher wants
who say they support the candidate. to see if the candidate is over-estimating her
|_ support — if she is then the actual proportion of

b Ho:p=04 Hi p <04 residents who support her will be less than 40%.
¢ Thke null hypothesis will be rejected if the

probability of 3 or fewer people saying Yau are testing to see whether

they support the candidate is less than the actual probability is lesghan 0.4, so you

5%, given that p = 0.4. would need to calculate the probability that the

observed value of the test statistic is 3 or fewer

Exercise @

1

a Explain what you understand by a hypothesis test.
b De ne a null hypothesis and an alternative hypothesis and state the symbols used for each.
c De ne a test statistic.

For each of these hypotheses, state whether the hypotheses given describe a one-tailed or a two-
tailed test:

a Hyp=08 H:p>0.8 b Hyp=06,H:p 0.6 C Hyp=02H:p<0.2

Dmitri wants to see whether a dice is biased towards the value Hint
He throws the dice 60 times and counts the number of sixes towards 6 then the probability

he gets. of landing on 6 will be greater
a Describe the test statistic. than ¢.

If the dice is biased

b Write down a suitable null hypothesis to test this dice.
¢ Write down a suitable alternative hypothesis to test this dice.

Shell wants to test to see whether a coin is biased. She tosses the coin 100 times and counts the
number of times she gets a head. Shell says that her test statistic is the probability of the coin
landing on heads.

a Explain the mistake that Shell has made and state the correct test statistic for her test.
b Write down a suitable null hypothesis to test this coin.
¢ Write down a suitable alternative hypothesis to test this coin.
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® 5 In a manufacturing process the proportion @) of faulty articles has been found, from long
experience, to be 0.1.
A sample of 100 articles from a new manufacturing process is tested, and 8 are found to be
faulty.
The manufacturers wish to test at the 5% level of signi cance whether or not there has been a
reduction in the proportion of faulty articles.

a Suggest a suitale test statistic.
b Write down two suitable hypotheses.
¢ Explain the condition under which the mll hypothesis is rejected.

® 6 Polls shawv that 55% of voters support a particular political candidate. A newspaper releases
information showing that the candidate avoided paying taxes the previous year. Following
the release of the information, a polling company asked 20 people whether they support the
candidate. 7 people said that they did. The polling company wants to test at the 2% level of
signi cance whether the level of support for the candidate has reduced.

a Write down a suitable test statistic.
b Write down two suitable hypotheses.
¢ Explain the condition under which the nll hypothesis would be accepted.

@ Finding critical values

When you carry out a hypothesis test, you need to be able to calculate the probability of the test
statistic taking particular values given that the null hypothesis is true.

In this chapter you will assume that the test statistic can be modelled by a binomial distribution.
You will use this to calculate probabilities and nd critical regions.

A critical region is a region of the probability distribution which, if the test statistic falls
within it, would cause you to reject the null hypothesis.

A test statistic is modelled as B(10, p) and a hypothesis test at the 5% signi cance level uses
Ho: p = 0.4, K p > 0.4. Assumingghi be true, X has the following distribution: X ~ B(10, 0.4):

0.3 — P(X = 10) = 0.0001, P(X = 9) = 0.0016 and

P(X =8) =0.0106. Hence P(X > 8) = 0.0123. This is
0.2 less than the signi cance level of 5%.

A test statistic of 10, 9 or 8 would lead to the null
0.1 hypothesis being rejected.

Probability

01 2 3 456 7 8 910 P(X =7) =0.0425. Adding this probability to
X e I_ P(X > 8) takes the probability over 0.05 so a
Acceptane Critical test statistic of 7 or less would lead to the null
region region hypothesis being accepted.
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The critical value is the rst v alue to fall inside of the critical region.

In this example, the critical value is 8 and the critical region is 8, 9 or 10. 7 falls in the acceptance
region, the region where we accept the null hypothesis.

The critical value and hence the critical region can be determined from binomial distribution tables,
or by nding cumulative binomial probabilities using your calculator.

In then = 10 table, the critical region is found by looking for a probability such thaX B( X) , 0.05.

020 025 030 035 040 045 0.50

s L S -

0.1074 0.0563 0.0282 0.0135 0.0060 0.0025 0.0010
0.3758 0.2440 0.1493 0.0860 0.0464 0.0233 0.0107
0.6778 05256 0.3828 0.2616 0.1673 0.0996 0.0547
0.8791 0.7759 0.6496 0.5138 0.3823 0.2660 0.171
0.9672 0.9219 0.8497 0.7515 o.ejEl 0.5044 0.377 P(X< 6)=0.9452s0

©
1

A
A
A

S
I
-
o
x
I

0.9936 0.9803 0.9527 0.9051 0.8338 0.7384 0.623 P(X> 7)=0.0548 (8.05)
0.9991 0.9965 0.9894 0.9740 0.9452 0.8980 0.8281

0.9999 0.9996 0.9984 0.9952 0.9877 0.9726 0.945 P(X< 7)=0.9877 so
1.0000 1.0000 0.9999 0.9995 0.9983 0.9955 0.98S p(x> 8)=0.0132 (9.05)
1.0000 1.0000 1.0000 1.0000 0.9999 0.9997 0.99¢.

©O~NOUTAWN R o

A
\j

This shows thak = 7 is not extreme enough to lead to the rejection of the null hypothesis but that
X = 8 is. Henc& = 8 is the critical value an® > 8 is the critical region.

The probability of the test statistic falling within the critical region, given thag id true is 0.0132 or
1.32%. This is sometimes called the actual signi cance level of the test.

The actual signi canc e level of a Watch out »
hypothesis test is the probability a U The threshold probability for- your test (1%, 5%,
of incorrectly rejecting the null 10%) is o en referred to as the level of signi cance for your

hypothesis. test. This might be di erent from the actual signi cance

level, which is the probability that your test statistic would
Example e

fall within the critical region even if fis true.
A single observation is taken from a binomial distribution B(6, p). The observation is used to test
Ho: p = 0.35 against H: p > 0.35.
a Using a 5% leel of signi cance, nd the critical region for this test.
b State the actusigni cance level of this test.

a Assume H is true then X ~ B(6, 0.35) Use tables or your calculator to nd the rst
PX>4)=1-P(X<3) =1-0.8826 value of x for which P(X > x) , 0.05.
=0.1174

PX>5)=1-P( X<4) =1-0.9777
=0.0223 P(X>4).0.05 but P(X >5), 0.05 so 5 is the
critical value.

Find the critical region using

your calculator.

The critical region is 5 or 6.
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b The actual signi cance level is the
probability of incorrectly rejecting the null

hypothesis:

P(reject null hypothesis) = P(X > 5) This is the same as the probability that X falls
=0.0223 within the critical region.
=2.23%

For a two-tailed test there are two critical regions: one at each end of the distribution.

A random variable X has binomial distribution B(40, p). A single observation is used to test

Hy: p=0.25 against H: p  0.25.

a Using the 2% leel of signi cance, nd the critical region of this test. The probability in each talil
should be as close as possible to 0.01.

b Write down the actual signi cance level of the test.

a Assume H is true then X ~ B(40, 0.25)
Consider the lower tail:

PX < 4) =0.0160
P(X < 3) = 0.0047 P(X < 3) is closest to 0.01 so 3 is the critical value

for this tail.

Consider the upper tail:
PX>19)=1-P(X<18) =1-0.9983

=0.0017
PX>18)=1-P(X<17) =1-0.9884 WELCIREIS Real the question carefully. Even
= 00116 though P > 18) is greater than 0.01 it is still the

closest value to 0.01. The critical value for this tail

The critical regions are 0 < X < 3 and )
is 18.

18 < X < 40.

b The actual signi cance level is 0.0047 +

0.0116 = 0.0163 = 1.63% Use technology to explore O
the locations of the critical values for
Exercise @

each tail in this example.
1 Explain what you understand by the following terms:
a critical value b critical region C acceptance region.

2 A test statistic has a distrilution B(10, p). Given that Hy: p = 0.2, H;: p > 0.2, nd the critical
region for the test using a 5% signi cance level.

3 Arandom variable has a distribution B(20, p). A single observation is used to testHp = 0.15
against H;: p < 0.15. Using a 5% level of signi cance, nd the critical region of this test.
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A random variable has distribution B(20, p). A single observation is used to testH = 0.4
against H: p 0.4.

a Using the 5% leel of signi cance, nd the critical region of this test. (3 marks)
b Write down the actual signi cance level of the test. (2 mark)
A test statistic has a distrilution B(20, p). Tise TS e
Given that Hy: p = 0.18, H: p < 0.18, nd the found in statistical tables. You can use your
critical region for the test using a 1% level of calculator to nd cumulative probabilities
signi cance. for B{, p with any values of n and.p

A random variable has distribution B(10, p). A single observation is used to testHp = 0.22

against H;: p 0.22.

a Using a 1% leel of signi cance, nd the critical region of this test. The probability in each tail
should be as close as possible to 0.005. (3 marks)

b Write down the actual signi cance level of the test. (2 marks)

A mechanical component failson average, 3 times out of every 10. An engineer designs a new
system of manufacture that he believes reduces the likelihood of failure. He tests a sample of
20 components made using his new system.

a Describe the test statistic. (1 mark)
b State suitdle null and alternative hypotheses. (2 marks)
¢ Using a 5% leel of signi cance, nd the critical region for a test to check his belief,

ensuring the probability is as close as possible to 0.05. (3 marks)
d Write down the actual signi cance level of the test. (2 mark)

Seedlings come in trgs of 36. On average, 12 seedlings survive to be planted on. A gardener
decides to use a new fertiliser on the seedlings which she believes will improve the number
that survive.

a Describe the test statistic and sta suitable null and alternative hypotheses. (3 marks)
b Using a 10% leel of signi cance, nd the critical region for a test to check her belief.

(3 marks)
c State the pobability of incorrectly rejecting Hy using this critical region. (2 mark)

A restaurant owner notices that her customers typically choose lasagne one fth of the time. She
changes the recipe and believes this will change the proportion of customers choosing lasagne.

a Suggest a model and sta suitable null and alternative hypotheses. (3 marks)
She tales a random sample of 25 customers.

b Find, at the 5% level of signi cance, the critical region for a test to check her belief.(4 marks)
c State the pobability of incorrectly rejecting Hy,. (1 mark)
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Challenge

A test statistic has binomial distribution B(50).given that:

Hy:p=0.7,Hp O.7:

a nd the critical region for the test statistic such that the probability
in each tail is close as possible to 5%.

Chloe takes two observations of the test statistic and nds that they
both fall inside the critical region. Chloe decides to rejegt H

b Find the probability that Chloe has incorrectly rejected.H

@ One-tailed tests

If you have to carry out a one-tailed hypothesis test you need to:
Formulate a model for the test statistic
Identify suitable null and alternative hypotheses

Calculate the probability of the test statistic taking the observed value (or higher/lower), assuming
the null hypothesis is true

Compare this to the signi cance level
Write a conclusion in the context of the question

Alternatively, you can nd the critical region and see whether the observed value of the test statistic
lies inside it.

The standard treatment for a particular disease hasZprobability of success. A certain doctor has
undertaken research in this area and has produced a new drug which has been successful with 11
out of 20 patients. The doctor claims that the new drug represents an improvement on the standard
treatment.

Test, at the 5% signi cance level, the claim made by the doctor.

. . . . De ne your test statistic, X, and parameter, p.
X is the number of patients in the trial for — T y P P

whom the drug was successful. Write down the model for your test statistic, and

p is the probability of success for each patient. your hypotheses. The doctor claims the drug
X ~B(20,p) ’( represents an improvement so the alternative
Ho:p=0.4 H;p> 0.4 hypothesis is p>0.4.

Method 1: Assume the null hypothesis is true, and calculate
Assume H is true, so X ~ B(20,04) —— 1 the probability of 11 or more successful treatments.
PX>11) =1 P(X < 10)

=1 0.8725 . Use the cumulative binomial tables or your
=0.1275 calculator to nd P(X < 10).
=12.75%

Compare the probability to the signi cance level

12.75% > 5% so there is not enough I— p tost
of your test.

evidence to reject H 4.
The new drug is no better than the old one. «——

Make sure you write a conclusion in context.
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Method 2:
PX>13)=1 P( X<12)=0.021
PX>12)=1 P( X< 11)=0.0565

Work out the critical region and see if 11 lies

The critical region is 13 or more. D

Since 11 does not lie in the critical region, we

accept Hy.

There is no evidence that the new drug is Unless you are speci cally instructed as to which
better than the old one. method to use, you can use the one you prefer.

Exercise @

1

A single observéion, x, is taken from a binomial distribution B(10, p and a value of 5 is obtained.
Use this observation to test H: p= 0.25 against H: p > 0.25 using a 5% signi cance level.

A random variable has distribution X ~ B(10, p). A single observation of x = 1 is taken from this
distribution. Test, at the 5% signi cance level, i p = 0.4 against H: p < 0.4.

A single observéion, X, is taken from a binomial distribution B(20, g and a value of 10 is
obtained. Use this observation to test It p= 0.3 against H: p > 0.3 using a 5% signi cance level.

A random variable has distribution X ~ B(20, p). A single observation of x = 3 is taken from this
distribution. Test, at the 1% signi cance level, i p = 0.45 against H: p < 0.45.

A single observdion, X, is taken from a binomial distribution B(20, p) and a value of 2 is
obtained. Use this observation to test kt p = 0.28 against H: p < 0.28 using a 5% signi cance
level.

A random variable has distribution X ~ B(8, p). A single observation of x = 7 is taken from this
distribution. Test, at the 5% signi cance level, i p = 0.32 against H: p > 0.32.

A dice used in playing a boadl game is suspected of not giving the number 6 often enough.
During a particular game it was rolled 12 times and only one 6 appeared. Does this represent
signi cant evidence, at the 5% level of signi cance, that the probability of a 6 on this dice is less
than £?

The success ita of the standard treatment for patients su ering from a particular skin disease is
claimed to be 68%.
a In a sample ofn patients, X is the number for which the treatment is successful.

Write down a suitable distribution to model X. Give reasons for your choice of model.
A random sample of 10 patients receives the standard treatment and in only 3 cases was the
treatment successful. It is thought that the standard treatment was not as e ective as it is claimed.
b Test the claim @athe 5% level of signi cance.

A plant germination method is successful on average 4 times out of every 10. A horticulturist
develops a new technique which she believes will improve the number of plants that successfully
germinate. She takes a random sample of 20 seeds and attempts to germinate them.
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a Using a 5% leel of signi cance, nd the Problem-solving

critical region for a test to check her belief. _ _
In this question you are told to nd the

(4 marks) i . : .
critical region in part a You will save time by
b Of her Sample of20 plants, the horticulturalist using your critical region to answer part b
nds that 14 have germinated. Comment on this
observation in light of the critical region. (2 marks)

10 A polling organisation claims that the support for a particular candidate is 35%. It is revealed

that the candidate will pledge to support local charities if elected. The polling organisation
think that the level of support will go up as a result. It takes a new poll of 50 voters.

a Describe the test statistic and sta suitable null and alternative hypotheses. (2 marks)
b Using a 5% leel of signi cance, nd the critical region for a test to check the belief.
(4 marks)

¢ Inthe new poll, 28 people a& found to support the candidate. Comment on this observation
in light of the critical region. (2 marks)

@ Two-tailed tests

A one-tailed test is used to test when it is claimed that the probability has either gone up, or gone
down. A two-tailed test is used when it is thought that the probability has changed in either direction.

For a two-tailed test, halve the signi cance level at the end you are testing.

You need to know which tail of the distribution you are testing. If the test statistic is X ~ B(n, p) then
the expected outcome is np. If the observed value, X, is lower than this then consider P(X < x). If the
observed value is higher than the expected value, then consider P(X > x). In your exam it will usually
be obvious which tail you should test.

Over a long period of time it has been found that in Enrico’s restaurant the ratio of newmegetarian
to vegetarian meés is 2 to 1. In Manuel’s restaurant in a random sample of 10 people ordering
meals, 1 ordered a vegetarian meal. Using a 5% level of signi cance, test whether or not the
proportion of people eating vegetarian meals in Manuel’s restaurant is di erent to that in
Enrico’s restaurant.

The proportion of people eating vegetarian Problem-solving

. e el
meals at Enrico’s is3. You can use the same techniques to hypothesis-

X is the number of people in the sample at test for the proportion of a population that have
Manuel’s who order vegetarian meals. a given characteristic. You could equivalently
p is the probability that a randomly chosen de ne the test parameter as the proportion of

person at Manuel's orders a vegetarian meal diners at Manuel's that order a vegetarian meal.

Ho:p=3 Hip 75 L
Signi cance level 5%
If Hy is true X ~ B(10, 2)

Hypotheses. The test will be two-tailed as we are
testing if they are di erent.
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Method 1:

PX<1)=P(X=0)+P(X=1)

_ 210 2,91
=3 *10(3) (3)
=0.017 34 ... + 0.086 70...
=0.104 (3s.f.)

0.104 > 0.025

There is insuf cient evidence to reject H .
There is no evidence that proportion of

vegetarian meals at Manuel’s restaurant is
different to Enrico’s.

Method 2:

Let ¢, and ¢, be the two critical values.
PX<c ) <0.025and P( x>c ,) <0.025
For the lower tail:

PX <0)=0.017 341...,0.025

PX <1)=0.104 04... .0.025
Soc;=0
For the upper tail:
PX>6)=1-P(X<5)
=0.076 56... .0.025
PX>7)=1-P(X<6)
=0.019 66... , 0.025

Soc, =7

The observed value of 1 does not lie in the
critical region so H,, is not rejected. There
is no evidence that the proportion of people
eating vegetarian meals has changed.

Exercise @

The expected value would be 10%>c 3.333...

The observed value, 1, is less than this so
consider P(X < 1).

You can calculate the probabilities long-hand, like
this, or use your calculator with p = 0.3333.

We use 0.025 because the test is two-tailed.

Conclusion and what it means in context.

The probability in each critical region should be
less than 0.05 + 2 = 0.025.

Use the cumulative binomial function on your
calculator, with n = 10 and p = 0.3333.

Write down a value on either side of the
boundary to show that you have determined the
correct critical values.

Remember to write a conclusion in the context of
the question.

1 A single observdion, x, is taken from a binomial distribution B(30, p) and a value of
10 is obtained. Use this observation to test ip = 0.5 against H: p 0.5 using a 5%

signi cance level.

2 A random variable has distribution X ~ B(25, p). A single observation of x = 10 is taken from
this distribution. Test, at the 10% signi cance level, Kt p = 0.3 against H: p 0.3.

3 A single observéion, X, is taken from a binomial distribution B(10, p) and a value of
9 is obtained. Use this observation to test i p = 0.75 against H: p  0.75 using a 5%

signi cance level.

4 A random variable has distribution X ~ B(20, p). A single observation of x = 1 is taken from
this distribution. Test, at the 1% signi cance level, I¢ p = 0.6 against H: p 0.6.
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EPD) 7

@ 10

A random variable has distribution Watch out T

X~ B.(SO’ p). A smglg ob.ser.vatl_on of appears to be small, the expected value of X is
x = 4 s taken from thls distribution. actually 50 x 0.02 = 1. You need to consider the
Test, at the 2% signi cance level, upper tail of the distribution: PX > 4).

Hy: p=0.02 against H: p  0.02.

A coin is tossed 20 times, and lands on heads 6 timblse a two-tailed test with a 5% signi cance
level to determine whether there is su cient evidence to conclude that the coin is biased.

The nationd proportion of people experiencing complications after having a particular
operation in hospitals is 20%. A hospital decides to take a sample of size 20 from their records.
a Find critical regions, at the 5% level of signi cance, to test whether or not their proportion

of complications di ers from the national proportion. The probability in each tail should be

as close to 2.5% as possible. (5 marks)
b State the actuhsigni cance level of the test. (1 mark)
The hospital nds that 8 of their 20 patients experienced complications.
¢ Comment on this nding in light of your critical regions. (2 marks)

A machine males glass bowls and it is observed that one in ten of the bowls have hairline
cracks in them. The production process is modi ed and a sample of 20 bowls is taken. 1 of
the bowls is cracked. Test, at the 10% level of signi cance, the hypothesis that the proportion
of cracked bowls has changed as a result of the change in the production process. State your
hypotheses clearly. (7 marks)

Over a period of time, Agnetha has discovered that the carrots that she grows have a 25%
chance of being longer than ém. She tries a new type ofertiliser. In a random sample of

30 carrots, 13 are longer than @m. Agnetha claims that the ne fertiliser has changed the
probability of a carrot being longer than 7cm. Test Agnethas claim at the 5% signi cance level.
State your hypotheses clearly. (7 marks)

A standard blood test is able to diagnose a particular disease with probability 0.96.

A manufacturer suggests that a cheaper test will have the same probability of success.

It conducts a clinical trial on 75 patients. The new test correctly diagnoses 63 of these patients.
Test the manufacturer’s claim at the 10% level, stating your hypotheses clearly. (7 marks)

Mixed exercise e

-

Mai commutes to work ve days a week on a train. She does two journeys a day.

Over a long period of time she nds that the train is late 20% of the time.

A new company takes over the train service Mai uses. Mai thinks that the service will be late
more often. In the rst week of the new service the train is late 3 times.

You may assume that the number of times the train is late in a week has a binomial distribution.
Test, at the 5% level of signi cance, whether or not there is evidence that there is an increase in
the number of times the train is late. State your hypothesis clearly. (7 marks)
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EP 2

A marketing company claims that Chestly cheddar cheese tastes better than Cumnauld
cheddar cheese.

Five people chosen at random as they entered a supermarket were asked to say which they
preferred. Four people preferred Chestly cheddar cheese.

Test, at the 5% level of signi cance, whether or not the manufacturer’s claim is true.

State your hypothesis clearly. (7 marks)

Historical information nds that nationally 30% of cars fail a brake test.

a Give a reason to support the use of a binomial distribution as a suitable model for the
number of cars failing a brake test. (2 mark)

b Find the probability that, of 5 cars taking the test, all of them pass the brake test. (2 marks)

A garage decides to conduct a survey of their cars. A randomly selected sample of 10 of their
cars is tested. Two of them fail the test.

c Test, & the 5% level of signi cance, whether or not there is evidence to support the
suggestion that cars in this garage fail less than the national average. (7 marks)

The proportion of defective articles in a certain manufacturing process has been found from
long experience to be 0.1.

A random sample of 50 articles was taken in order to monitor the production. The number of
defective articles was recorded.

a Using a 5% leel of signi cance, nd the critical regions for a two-tailed test of the
hypothesis that 1 in 10 articles has a defect. The probability in each tail should be as near
2.5% as possible. (4 marks)

b State the actuasigni cance level of the above test. (2 marks)

Another sample of 20 articles \&s taken at a later date. Four articles were found to be
defective.

c Test, & the 10% signi cance level, whether or not there is evidence that the proportion of
defective articles has increased. State your hypothesis clearly. (5 marks)

It is claimed that 50% ofwomen use Oriels powder. In a random survey of 20 women, 12 said
they did not use Oriels powder.

Test, at the 5% signi cance level, whether or not there is evidence that the proportion of women
using Oriels powder is 0.5. State your hypothesis carefully. (6 marks)

The manager ofa superstore thinks that the probability of a person buying a certain make of
computer is only 0.2.

To test whether this hypothesis is true the manager decides to record the make of computer
bought by a random sample of 50 people who bought a computer.

a Find the critical region that would enable the manager to test whether or not there is
evidence that the probability is di erent from 0.2. The probability of each tail should be as

close to 2.5% as possible. (4 marks)
b Write down the signi cance level of this test. (2 marks)
15 people buy thacertain make.
¢ Comment on this observéion in light of your critical region. (2 marks)
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@ 10

a Explain what is meant by:
i a hypothesis test i a critical value iii an acceptance region. (3 marks)

Johan bdieves the probability of him being late to school is 0.2. To test this claim he counts the
number of times he is late in a random sample of 20 days.

b Find the critical region for a two-tailed test, at the 10% level of signi cance, of whether the
probability he is late for school di ers from 0.2. (5 marks)

c State the actuasigni cance level of the test. (1 mark)
Johan discwers he is late for school in 7 out of the 20 days.

d Comment on whether dhan should accept or reject his claim that the probability he is late
for school is 0.2. (2 marks)

From the large data set, the likelihood of a day with either zero or trace amounts of rain in
Hurn in June 1987 was 0.5.

Poppy believes that the likelihood of a rain-free day in 2015 has increased.
In June 2015 in Hurn, 21 days were observed as having zero or trace amounts of rain.

Using a 5% signi cance level, test whether or not there is evidence to support Poppy’s claim.
(6 marks)

A single observéion x is to be taken from a binomial distribution B(30, p). This observation is
used to test H: p = 0.35 against H: p 0.35.

a Using a 5% leel of signi cance, nd the critical region for this test. The probability of
rejecting either tail should be as close as possible to 2.5%. (3 marks)

b State the actuasigni cance level of this test. (2 marks)
The actual value of X obtained is 4.

c State a conclusion thaican be drawn based on this value giving a reason for your answer.
(2 marks)

A pharmaceuticd company claims that 85% of patients su ering from a chronic rash recover
when treated with a new ointment.

A random sample of 20 patients with this rash is taken from hospital records.

a Write down a suitable distribution to model the number of patients in this sample who
recover when treated with the new ointment. (2 marks)

b Given that the claim is correct, nd the probability that the ointment will be successful for
exactly 16 patients. (2 marks)

The hospital bdieves that the claim is incorrect and the percentage who will recover is lower.

From the records an administrator took a random sample of 30 patients who had been

prescribed the ointment. She found that 20 had recovered.

c Stating your hypotheses clearly, test, at the 5% level of signi cance, the hospital’'s belief.
(6 marks)
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Large data set

You will need access to the large data set and spreadsheet so ware to answer
these questions.

1

The proportion of days with a recorded daily mean temperature greater
than 15°C n Leuchars between May 1987 and October 1987 was found to
be 0.163 (3 s.f.).

A meteorologist wants to use a randomly chosen sample of 10 days to
determine whether the probability of observing a daily mean temperature
greater than 15°C tas increased signi cantly between 1987 and 2015.

a Usng a signi cance level of 5%, determine the critical region for this
test.

b Sdect a sample of 10 days from the 2015 data for Leuchars, and count
the number of days with a mean temperature of greater than°ts

¢ Use your observation and your critical region to make a conclusion.

From the large data set, in Beijing in 1987, 23% of the days from May to
October had a daily mean air temperature greater than°5Using a

sample of size 10 from the data for daily mean air temperature in Beijing in
2015, test, at the 5% signi cance level, whether the proportion of days with
a mean air temperature greater than 2& ncreased between 1987 and
2015.

Summary of key points

1
2

112

The null hypothesisH,, is the hypothesis that you assume to be correct.

The alternatie hypothesis, K tells us about the parameter if your assumption is shown to be
wrong.

Hypothesis tests with aéirnative hypotheses in the form fip < ... and i p > ... are called
one-tailed tests.

Hypothesis tests with an adtrnative hypothesis in the form Hp ... are called two-tailed
tests.

A critical region is aegion of the probability distribution which, if the test statistic falls within
it, would cause you to reject the null hypothesis.

The critical value is the rstalue to fall inside of the critical region.

The actual signi cane level of a hypothesis test is the probability of incorrectly rejecting the
null hypothesis.

For a tvo-tailed test the critical region is split at either end of the distribution.

For a wo-tailed test, halve the signi cance level at each end you are testing.



Review exercise

® 1

A researcher is hired by a cleaning
company to survey the opinions of
employees on a proposed pension scheme.
The company employs 55 managers and
495 cleaners.

a Explain what is meant by a census and @ 3
give one disadvantage of using it in this
context. 2)

To collect data the researcher decides to
give a questionnaire to the rst 50 cleaners
to leave at the end of the day.

b State the sampling method used by the
researcher. (2)

¢ Give 2 reasons why this method is likely
to produce biased results. (2)

d Explain brie y how the researcher could
select a sample of 50 employees using:
i a systematic sample
ii a strati ed sample.

()

Sections 1.1, 1.2, 1.3

Data on the daily maximum relative
humidity in Camborne during 1987 is
gathered from the large data set. The daily
maximum relative humidity, h, on the rst
ve days in May is given below:

2nd
91

3rd
77

4th
83

Day | 1st 5th
h 100 86

a Explain what is meant by opportunity
sampling and describe one limitation of
the method in this context. 2)

b Calculate an estimate for the mean daily
maximum relative humidity for these
ve days. (1)

Joanna concludes that it is not likely to be

misty in Camborne in May.

&P 4

c State, with reasons, whether your answer
in part b supports Joanna’s conclusion.
(2)

Sections 1.3, 1.5, 2.1

Summarised below are the distances, to the
nearest mile, travelled to work by a random
sample of 120 commuters.

Distance, x miles Number of commuters

0<x<10 10
10<x<20 19
20<x<30 43
30<x<40 25
40 < x <50 8
50 <x <60 6
60<x<70 5
70 < x <80 3
80 <x<90 1

a For this distribution, use linear
interpolation to estimate its median. (3)

The midpoint of each class was
represented by x and its corresponding
frequency f giving
fx = 3610 and fx 2=141600
b Estimate the mean and standard
deviation of this distribution. (2)
Sections 2.1, 2.4

From the large data set, the daily total
sunshineg, s, in Leeming during June 1987 is
recorded.

The data is coded using x 10s+ 1 and
the following summary statistics are obtained.

n=30 x=947 S, =33065.37

Find the mean and standard deviation of
the daily total sunshine. 4)

Section 2.5
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Review exercise 1

@ 5 Children from schools A and B took part
in a fun run for charity. The times, to the
nearest minute, taken by the children from
school A are summarised below.

SchoolA

10 20 30 40 60

Time (minutes)

50

a i Write down the time by which 75%
of the children in school A had
completed the run.

ii State the name gien to this value. (2)

b Explain what you understand by the two
crossesX) on Figure 1. 2)

For school B the least time taken by any
of the children was 25 minutes and the
longest time was 55 minutes. The three
quartiles were 30, 37 and 50 respectively.

¢ On graph paper, draw a box plot to
represent the data from school B.

d Compare and contast these two box
plots.

®3)

()

Sections 3.1, 3.2, 3.5

The histogram below shows the times taken, t
in minutes, by a group of people to swim 50@.

Histogram of times

L

0 5 10141820 25 30 40
Time, t (minutes)

Frequency density
OFRF NWHMOITO

a Copy and complete the frequency table

and histogram for t. (4)
t f
5<t<10| 10
10<t<14 | 16
14<t<18 | 24
18<t<25
25<t<40
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Find the probability that a person
chosen at random took longer than 20

minutes to swim 500m. 3)
¢ Find an estimate ofthe mean time

taken. (2)
d Find an estimate or the standard

deviation of t. 3)

Find an estimate br the median of t. (2)
S ections 2.1, 2.4, 3.4

An ornithologist is collecting daa on the
lengths, in cm, of snowy owls. She displays
the information in a histogram as shown

below.
A

Frequency density

| >
60 65 70 75 80
Length (cm)

Given that there are 26 owls in the 65 to
67cm class, estimi the probability that
an owl, chosen at random is between 63
and 73cm long. 4)
Section 3.4

The daily maximum temperature is
recorded in a UK city during May 2015.

t f
10<t <183 1
13<t <16 7
16<t <19 13
19<t <22 10

a Use linear interpolation to nd
an estimde for the 20% to 80%
interpercentile range. 3)
b Draw a cumulative frequency diagram
to display this data. 3)



¢ Use your diggram to estimate the 20% to
80% interpercentile range and compare
your answer to part a Which estimate is
likely to be more accurate? 3)

d Estimate the number of days in May 2015
where the daily maximum temperature in
this city is greater than 15C. 2

Sections 2.3, 3.3

A manufacturer stores drums of chemicals.
During storage, evaporation take place. A
random sample of 10 drums was taken and the
time in storage, xweeks, and the evaporation
loss,y ml, are shown in the table below.

Xx[3|5|6| 8|10 12 13 15 1p 18
y |36]/50] 53 61 69 79 82 90 88 96

a On graph paper, draw a scatter diagram
to represent these data. 3)
b Give areason to support tting a
regression model of the formy = a + bx
to these data. 8}
The equation of the regression line of y on
Xisy=29.02 + 3.9x.
¢ Give an interpretation of the value
of the gradient in the equation of the
regression line. D
The manufacturer uses this model to predict
the amount of evaporation that would take
place after 19 weeks and after 35 weeks.

d Comment, with a reason, on the

(® 11

reliability of each of these predictions. 12
)

@

Sections 4.2

10 The table shows average monthly

tempernature, t (°C) and the number of ice
creams, ¢, in 100s, a riverside snack barge
sells each month.

t|7/8(10451417Y 20211513 9 |5
c|4|7|1327303b4P 413624 |9 (3

The following statistics were calculated
for the data on temperature: mean = 15.3,
standard deviation = 10.2 (both correct to
3s.f)

(®) 13

Review exercise 1

An outlier is an observation which lies
+2 standard deviations from the mean.

a Show tha t = 45 is an outlier. (2)

b Give a reason whether or not this outlier
should be omitted fom the data. 1)

This value is omitted from the data, and
the equation of the regression line of c on
t for the remaining data is calculated as
c=2.81t 13.3.

c Give an interpretation of the value of
2.81 in this regression equation. (1)

d State with a reason, why using the
regression line to estimate the number
of ice creams sold when the average
monthly temperature is 22C would not
be gpropriate. 2)

Sections 3.1, 4.2

A bag contains nine blue balls and three
red balls. A ball is selected at random from
the bag and its colour is recorded. The ball
is not replaced. A second ball is selected at
random and its colour is recorded.

a Draw a tree diagram to represent the

information 3)
Find the probability that:
b the second ball skected is red D
¢ the balls ae di erent colours. 3)
Section 5.4

For events Aand B, P(A but not B) = 0.32,
P(B but not A) = 0.11 and P(Aor B) = 0.65.
a Draw a Venn diagram to illustrate the
complete sample spacef the events
A and B. 3)
b Write down the value of P(A) and the
value of P(B). (2)
¢ Determine whether or not A and B are
independent. 2)

Sections 5.2, 5.3

A company assemkes drills using
components from two sources. Goodbuy
supplies 85% of the components and
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Review exercise 1

Amart supplies the rest. It is known
that 3% of the components supplied by
Goodbuy are faulty and 6% of those
supplied by Amart are faulty.

a Represent this information on a tree

diagram.

@ (B 17

An assembled drill is skected at random.

b Find the probability that it is not
faulty. 3)

Section 5.4

The Venn diagram shows the number of
children who like Comics (Q, Books (B)
or Television (T).

C B

@ 12

a Which two hobbies are mutually
exclusive?

b Determine whether the events
‘likes comics’ and ‘likes books’ are
independent.

(1)

®3)

Sections 5.2, 5.3

A fair coin is tossed 4 times.
Find the probability that:

a an equal umber of heads and tails
occur

(®) 19

©)
b all the outcomes ae the same 2)
¢ the rsttail occurs on the third throw. 20
)

Section 6.1

The probability of a bolt being faulty is
0.3. Find the probability that in a random
sample of 20 bolts there are:

a exactly 2 faulty bolts 2)
b more that 3 faulty bolts. (2)

These bolts are sold in bgs of 20. John
buys 10 bags.

¢ Find the probability that exactly 6 of
these bags contain more than 3 faulty
bolts. 3)

Sections 6.2, 6.3

The random variable X has probability
function

PX=x) =
a Construct a table giving the probability

(ex 1 =1,2,3,4,56
TX_11111'

distribution of X. 3)
Find
b P(2<X<5) 2
Section 6.1

A fair ve-sided spinner has sectors
numbered from 1 to 5. The spinner is spun
and the number showing, Xis recorded.

a State the distrikution of X. Q)
The spinner is spun four times and the

number of spins taken to get an odd
number, VY, is recorded.

b Write down, in table form, the

probability distribution of Y. 3)
¢ Find P(Y > 2). (2
Section 6.1

The random variable X~ B(15, 0.32). Find:
a PX=7) b P(X<4)
c P(X<8) d P(X > 6) 4

Section 6.3

A single observdion is taken from a test
statistic X ~ B(40, p). Given that
Hyp=03andH:p 0.3,

a Find the critical region for the test
using a 2.5% signi cance level. (The
probability in each tail should be as
close as possible to 1.25 %)

State the pobability of incorrectly
rejecting the null hypothesis using this
test. (1)

Section 7.2

(4)



21 A drugs company claims th&75% of
patients su ering from depression recover
when treated with a new drug.

A random sample of 10 patients with
depression is taken from a doctor’s
records.

a Write down a suitable distribution to
model the number of patients in this
sample who recover when treated with
the new drug. (1)

Given that the claim is correct,
b nd the probability that the treatment

will be successful for exactly 6 patients.

(2)

The doctor believes that the claim is
incorrect and the percentage who will
recover is lower. From her records she

took a random sample of 20 patients who

had been treated with the new drug. She
found that 13 had recovered.

¢ Stating your hypotheses clearly, test,
at the 5% level of signi cance, the
doctor’s belief. @)

d From a sample of size 20, nd the
greatest number of patients who need
to recover from the test in part ¢ to be
signi cant at the 1% level. 3

Sections 6.3, 7.1, 7.2, 7.3

22 Dhriti gro ws tomatoes. Over a period
of time, she has found that there is a
probability 0.3 of a ripe tomato having a
diameter greater than £m. Dhriti wants
to test whether a new fertiliser increases
the size of her tomatoes. She takes a
sample of 40 ripe tomatoes that have
been treated with the new fertiliser.

Review exercise 1

a Write down suitable hypotheses for her

test. D)
b Using a 5% signi cance leel, nd the

critical region for her test. 4)
¢ Write down the actual signi cance level

of the test. 0}

Dhriti nds that 18 out of the 40
tomatoes have a diameter greater than
4cm.

d Comment on Dhriti's observed value
in light of your answer to partb. (2)

Sections 7.2, 7.3

Challenge

1 The Venn diagram shows the number of sports

club members liking three di erent sports.

A B ©

18

Given that there are 50 members in total,
PC) = 3PA) and P(not B = 0.76, nd the
values of x y and z Section 5.2

A test statistic has binomial distribution B(30).p

Given that H: p = 0.65, Hp < 0.65,

a n d the critical region for the test statistic
such that the probability is as close as
possible to 10%.

William takes two observations of the test

statistic and nds that they both fall inside the

critical region. William decides to rejectH

b Find the probability that William has
incorrectly rejected ki Sections 7.2, 7.3
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Modelling In
mechanics

A er completing this chapter you should be able to:

Understand how the @ancept of a mathematical model
applies to mechanics pages 119-120

Understand and be ableotapply some of the common
assumptions used in mechanical models pages 120-122

Know Sl units for quantities and derived quantities used in

mechanics

pages 122-124

Know the di erence between scalar and vector quantities

Prior knowledge check

Give your answers correct to 3 s.f. where
appropriate.

1 Solve these equations:

4

a bx?2 21x+4=0 b 6x2+5x =21
c 3x2 5x 4=0 d 8x2 18=0
GCSE Mathematics

Find the value bx and y in these right-angled
triangles.

a 9 b
AN
X

GCSE Mathematics
Convert:
a 30kmh! tocms! b 5gcm? to kgm?3
GCSE Mathematics
Write in standard form:
a 7650000 b 0.003806
GCSE Mathematics

pages 125-127

Mathematical models can be used to

nd solutions to real-world problems in
many everyday situations. If you model a
rework as a particle you can ignore the
e ects of wind and air resistance.



@ Constructing a model

Mechanics deals with motion and the action of forces on objects. Mathematical models can be
constructed to simulate real-life situations, but in many cases it is necessary to simplify the problem
by making assumptions so that it can be described using equations or graphs in order to solve it.

The solution to a mathematical model needs to be interpreted in the context of the original problem.
It is possible your model may need to be re ned and your assumptions reconsidered.

This ow chart summarises the mathematical modelling process.

Set up mathematical model
What are your assumptionst—»
What are the variables?

A

Solve and
interpret

Real-worH
problem
Example o

Reconsider
assumptions

A

Is your
answer
reasonable?

Report
solution

The motion of a basketball as it leaves a player’s hand and passes through the net can be modelled
using the equation h =2 + 1.1x 0.1%, where hm is the height of the basktball above the ground

and xm is the horizontal distance tavelled.
a Find the height of the basletball:

i whenitis released ii at a horizontd distance of 0.5m.

b Use the model to pedict the height of the basketball when it is at a horizontal distance of 1%

from the player.
¢ Comment on the vaidity of this prediction.

a i x=0h=2+0+0
Height =2 m
i x=05h=2+11x05 0.1x (0.5 ?2
Height = 2.525 m

b x=15:h=2+11x15 01x(15)2 ———+
Height= 4m

¢ Height cannot be negative so the model
is not valid when x = 15m.

Exercise @

T 1=

—

When the basketball is released at the start
of the motion x = 0. Substitute x = 0 into the
equation for h.

Substitute x = 0.5 into the equation for h.

Substitute x = 15 into the equation for h.

h represents the height of the basketball above
the ground, so it is only valid if i 0.

1 The motion of a golf ball after it is struck by a golfer can be modelled using the equation
h=0.36x 0.003x2, where hm is the height of the golfball above the ground and »xm is the

horizontal distance travelled.

a Find the height of the golf ball when it is:
i struck

ii at a horizontal distance of 100m.

b Use the model to pedict the height of the golf ball when it is 20éh from the golfer.

¢ Comment on the vdidity of this prediction.
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® 5
® 6

A stone is thrown into the sea from the top of a cli. The height of the stone above sea levelih
at time ts after it is thrown can be modelled by the equation h = 5t+ 15t + 90.

a Write down the height of the cli above sea level.
b Find the height of the stone:
i whent=3 il whent=5.
¢ Use the model to pedict the height of the stone after 20 seconds.
d Comment on the vdidity of this prediction.

The motion of a basletball as it leaves a player’s hand and passes through the net is modelled
using the equation h =2 + 1.1x 0.1% where hm is the height of the basktball above the
ground and xm is the horizontal distance tavelled.

a Find the two values of x for which the basketball is exactly #h above the ground.

This model is valid for 0 < x < k, where k m is the horizontal distance ofthe net from the player.
Given that the height of the net is 3n:

b Find the vaue of k.
¢ Explain why the model is not valid for x . k.

A car acceleates from rest to 6Gnph in 10 seconds. A quadtic Problem-solving
equation of the form d = k€ can be used to model the distance

travelled, d metres in time t seconds.

a Given that when t = 1 second the distance travelled by the car is
13.2 metres, use the model to nd the distance travelled when the car reachemff.

b Write down the range of values of t for which the model is valid.

Use the information given
to work out the value of k

The model br the motion of a golf ball given in question 1 is only valid when h is positive.
Find the range of values of x for which the model is valid.

The model br the height of the stone above sea level given in question 2 is only valid from the
time the stone is thrown until the time it enters the sea. Find the range of values of t for which
the model is valid.

@ Modelling assumptions
Modelling assumptions can simplify a problem

and allow you to analyse a real-life situation
using known mathematical techniques.

Madelling assumptions can a ect the validity of a
model. For example, when modelling the landing

You need to understand the signi cance of of a commercial ight, it would not be appropriate

di erent modelling assumptions and how to ignore the e ects of wind and air resistance.
they a ect the calculations in a particular problem.
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These are some common models and modelling assumptions that you need to know.

Model

Modelling assumptions

Particle — Dimensions of the object are
negligible.

mass of the object is concentrated at a single point
rotational forces and air resistance can be ignored

Rod —All dimensions but one are
negligible, like a pole or a beam.

mass is concentrated along a line
no thickness
rigid (does not bend or buckle)

Lamina —Object with area but negligible
thickness, like a sheet of paper.

mass is distributed across a at surface

Uniform body —Mass is distributed
evenly.

mass of the object is concentrated at a single point at the
geometrical centre of the body — the centre of mass

Light object — Mass of the object is small

a pulley.

compared to other masses, like a string or

treat object as having zero mass
tension the same at both ends of a light string

Inextensible string — A string that does
not stretch under load.

acceleration is the same in objects connected by a taut
inextensible string

Smooth surface

assume that there is no friction between the surface and any
object on it

Rough surface —If a surface is not
smooth, it is rough.

objects in contact with the surface experience a frictional for
if they are moving or are acted on by a force

Wire —Rigid thin length of metal.

treated as one-dimensional

Smooth and light pull ey — all pulleys you
consider will be smooth and light.

pulley has no mass
tension is the same on either side of the pulley

Bead —Particle with a hole in it for
threading on a wire or string.

moves freely along a wire or string
tension is the same on either side of the bead

Ce

Peg —A support from which a body can b
suspended or rested.

D

dimensionless and d
can be rough or smooth as speci ed in question

Air resistance —Resistance experienced
as an object moves through the air.

usually modelled a being negligible

Gravity — Force of
attraction between all
objects. Acceleration due
to gravity is denoted by g.

;

g=9.8ns?

assume that all objects with mass are attracted towards the
Earth

Earth’s gravity is uniform and acts vertically downwards

g is onstant and is taken as 918 s?, unless otherwise stated

in the question

A mass is attached to a length of string which is xed to the ceiling.
The mass is drawn to one side with the string taut and allowed to swing.
State the e ect of the following assumptions on any calculations made using this model:

a The string is light and inextensite.

b The mass is modelled as a particle

a Ignore the mass of the string and any stretching effect

caused by the mass.

b Ignore the rotational effect of any external forces that
are acting on it, and the effects of air resistance.
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Exercise

1 Afootball is kicked by the goalkeeper from one end of the football pitch.
State the e ect of the following assumptions on any calculations made using this model:
a The football is modelled as a particle. b Air resistance is negligite.

2 An ice puck is hit and slides across the ice
State the e ect of the following assumptions on any calculations made using this model:
a The ice puck is modelled as a particle b The ice is smooth.

3 A parachute jumper wants to model her descent from an aeroplane to the ground. She models
herself and her parachute as particles connected by a light inextensible string. Explain why this
may not be a suitable modelling assumption for this situation.

4 A shing rod manufacturer constructs a mathematical model to predict the behaviour of a
particular shing rod. The shing rod is modelled as a light rod.

a Describe the e ects of this mod#ing assumption.
b Comment on its vdidity in this situation.

5 Make a list of the assumptions you might make to create simple models of the following:
a The motion of a golf ball after it is hit
b The motion of a child on a sledge going den a snow-covered hill

¢ The motion of two objects of di erent masses connected by a string that
passes over a pulley

d The motion of a suitcase on \weels being pulled along a path by its handle.

@ Quantities and units

The International System of Units, (abbreviated Sl from the French, Systeme international d’unités) is
the modern form of the metric system. These baSé units are most commonly used in mechanics.

Quantity Unit Symbol Watch out

Mass kilogram kg A canmon misconception is that kilograms

Length/displacement | metre m measure weight not mass. However, weigista

force which is measured in newtons (N)

Time seconds S

These derived units are compound units built from the base units.

Quantity Unit Symbol
Speed/velocity metres per second mst
Acceleration metres per second per second s?
Weight/force newton N (= kgns?)
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You will encounter a variety of forces in mechanics.
These force diagrams show some of the most
common forces.

Theweight (or gravitational force) of an object
acts \ertically downwards.

Thenormal reaction is the force which acts perpendicular
to a surface when an object is in contact with the surface.
In this example the normal reaction is due to the weight of

the book resting on the surface of the table.

If an object is being
along by a string, th

Thefriction is a force
which opposes the
motion between two
rough surfaces.

acting on the object is called
the tension in the string.

pulled
e force

If an object is being pushed along
using a light od, the force acting
on the object is called the thrust
or compression in the rod.

Direction Tension
of motion in string Thrust or
Frictional in rod

force

Buoyancy is the upward force on a body that
allows it to oat or rise when submerged in a
liquid. In this example buoyancy

acts to keep the boat a oat in the water.

/

\/

Write the following quantities in Sl units.
a 4km b 0.32grams c¢ 5.1x 10°fkmh?

b 0.329g=032+1000=32%x10 4 ng

¢ 51x10kmh1=5.1x 1C¢ x 1000 — 1
=51x10°mh?
5.1x10%+ (60x60)=142x10 ms?

a 4km=4x1000=4000 m

Air resistance opposes motion. In this
example the weight of the parachutist acts
vertically downwards and the air resistance
acts vertically upwards.

The Sl unit of length is the metre and
1km = 1000m.

The Sl unit of weight is the kg andkgy = 1000g.
The answer is given in standard form.

The Sl unit of speed is st . Convert from knin !
to mh? by multiplying by 100.

Convert from nmh 1 to ms * by dividing by 60 >60.
The answer is given in standard form to 3 s.f.
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A
The force diagram shows an aircraft in ight. T

Write down the names of the four forces
shown on the diagram.

Also known as ‘li*, this is the upward force that

A upward thrust : . .
keeps the aircra up in the air.

B forward thrust

L Also known as ‘thrust’, this is the force that
propels the aircra forward.

C weight

D airresistance

This is the gravitational force acting downwards
on the aircra .

Exercise @ Also known as ‘drag’, this is the force that acts in

the opposite direction to the forward thrust.

1 Convert to Sl units:

a 65kmh? b 15gcm? ¢ 30 cm per minute
d 24gm? e 4.5x 102 gcm?3 f 6.3x 10% kgcm?
2 Write down the names of the forces shown in each of these diagrams.
a A box being pushed #ng rough ground b A man swimming through the water
A direction A
of motion
E—
——>»B D <€—.

O <€—
vs)

D
C
¢ A toy duck being pulled along by a string d A man sliding down a hill on a sledge

A
D A
C
B
B
C
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Index

acceleration 125, 133, 185,
188
constant 133, 137-50,
191-2
forces and 162-4
formulae for constant
142-3,191-2
maximum and minimum
values 186
variable 181-9
as vector 166-7
acceptance egion 102
actual signi cance level
102-3
air resistance 121, 123, 124
alternative hypothesis 99,
105
anomalies 42

beads 121
bias
introducing 6, 7
removing 4
testing for 99
binomial distribution 88-90,
101-3
cumulative distribution
function 91-3, 204-8
bivariate data 60-5
box plots 43-4
buoyancy 123

causal relationships 61

census 2

central tendency, measures
of 21

centre of mass 121

class boundaries 9

class width 9

classes 9

coding 33-4

complement 72

compression see thrust

continuous variables 9

convenience sampling 7-8

correlation 59-65

linear regression 63-5
scatter diggrams 60-1,

63-4

critical region 101-3, 105-6,
108

critical values 101-3

cumulative frequency 46-7

cumulative probability
function 91-3, 204-8

data cleaning 42

data comparisons 53

data representations 40-53
box plots 43-4
comparing data 53

cumulative frequency
diagrams 46-7
histograms 48-50
outliers 41-2
data types 9-10
decderation 125, 133, 138
dependent variables 60, 64-5
di erentiation 185, 188
discrete uniform distribution
84
discrete variables 9, 84
dispersion, measures 28
displacement 18, 125-6, 133,
188-9
maximum and minimum
values 186-7
rate of change of 131, 185
displacement-time graphs
131-2
distance 125-6, 133
distributions 83-93
binomial see binomial
distribution
discrete unibrm 84
ewen 26

estimates, spread measures
31
events 70, 72-3
independent 75-6
mutually exclusive 75-6
experiment 70
explanatory variables see
independent variables
extrapolation 64

rst law of motion 157
force diagrams 123, 124,
157-8
forces 122-3, 156-75
and acceleation 162—4
resultant 157, 160, 1667
as vectors 125, 160, 166—7
see also friction
frequency density 48-9, 50
frequency polygon 48-9
frequency tables 21-2
friction 123
straight line motion 157,
159-60, 163-4

gradients 131, 133
gravity 162
acceleation due to 147
modelling assumptions
121
vertical motion under
146-50
grouped data 26, 30—-1

histograms 48-50

hypothesis testing 98-108
critical values 101-3
one-tailed tests 99-100,

105-6
two-tailed tests 99, 103,
107-8

i, j notation 125, 160
independent events 75-6
independent variables 60, 64
index 89
integration 188-9
interpercentile range 28
interpolation 26, 64
interquartile range (IQR) 28
data comparisons 53
intersection 72

key points summaries
constant acceleation 155
correlation 68
data collection 19
data representations 58
distributions 97
forces and motion 180
hypothesis testing 112
location and spread
measures 39
modelling in mechanics
129
probability 82
variable acceleration 196
kinematics formulae 142-3,
191-2

lamina 121

large data set 11-13

least squares regression line
63-4

line of best t 63

linear regression 63-5

location, measures 21-38

lottery sampling 4

lower quartiles 25, 28

mass 125
maxima 186-7
mean 21-4
coded data 334
data comparisons 53
mechanics 119
median 21-4, 27
data comparisons 53
midpoint 9, 31
minima 186-7
mode (modd class) 21-4
modelling in mechanics
118-26
assumptions 120-1
constructing a model 119
modds, statistical 85

motion
in 2 dimensions 166-7
connected particle 169-71,
173-5
equations of 162, 166
laws of 157, 162, 170
multiplication rule 75-6
mutually exclusive events
75-6

Newton’s laws of motion
rst 157
second 162
third 170
normal reaction 123
null hypothesis 99-103

objects, light 121
one-tailed tests 99-100,
105-6
opportunity sampling 7-8
outcomes 70
equally likely 70
expected 107
outliers 41-2

parameter 89
particles
connected 169-71, 173-5
modelling assumptions
121
pegs 121
percentiles 28, 46—7
population parameter 99
populations 2
proportions of 107
probability 69-78
calculating 70-1
distributions see
distributions
independent eents 75-6
mutually exclusive events
75-6
tree diagrams 78
Venn diagrams 72-3, 75-6
probability mass function
84, 89
pulleys 121, 173-5

quadratic formula 143
qualitative data 9
quantitative data 9
quartiles 25, 41, 43, 46-7

discrete daa 25, 27
quota sampling 7

random numbers 4
random variables 84-6
range 28

reactions 170
regression line 63-4
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